SPIN REPRESENTATIONS AND CENTRALIZER 
ALGEBRAS FOR THE SPINOR GROUPS 
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Abstract. We pursue an analogy of the Schur-Weyl reciprocity 
for the spinor groups and pick up the irreducible spin representa- 
tions in the tensor space A^)® k V. Here A is the fundamental 
representation of Pin(N) and V is the natural (vector) represen- 
tation of the orthogonal group O(N). We consider the centralizer 
algebra CP k = End Pm(Ar) ( A® (g) fc V) for Pin(N), the double 
covering group of O(N) and define two kinds of linear basis in 
CPk (one comes from invariant theory and the other from repre- 
sentation theory) , both of which are parameterized by the 'gener- 
alized Brauer diagrams'. We develop analogous argument to the 
original Brauer centralizer algebra for O(N) and determine the 
transformation matrices between the above two basis and give the 
multiplication rules of those basis. Finally we define the subspaces 
in A^)^) k V, on which the symmetric group &k and Pin(N) or 
Spin(N) act as a dual pair. 

1. Introduction 

In this paper we consider analogs of the Brauer centralizer algebras 
for the spinor groups and define the subspace T° s of the tensor space 

A <S)&) k V, on which the symmetric group and Pin(N) act as the 
dual pair. (See Definition 110.11 and Theorem 110.31 ) Here V = Mr is 
the vector (natural) representation of O(N) and A is the fundamental 
representation of Pin(N). 

For the irreducible representations of the orthogonal groups, together 
with the other classical groups, this procedure is carried out by H. Weyl 
in his book The Classical Groups. Namely the centralizer algebra of 
the orthogonal group in <£) h V is generated by the symmetric group &k 
and the contractions and the immersions of the invariant form and is 
called the Brauer centralizer algebras. The basis of this algebra is pa- 
rameterized by the diagrams, which is called the Brauer diagrams and 
the multiplication rules of the basis elements are given in Pj. H. Weyl 
defined the subspace consisting of the traceless tensors in (g) k V and he 
showed that the symmetric group &k and the orthogonal group act on 
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this space as the dual pair and he picked up the irreducible representa- 
tions of O(N) as the images of the Young symmetrizers corresponding 
to the highest weights of the irreducible representations. 

So we follow this line and first determine the basis of the centralizer 
algebra 

k k 

CP k = Rom PMN) (A(g)(g)y,A(g)(g)y), 

In this case, we can define two kinds of basis of the centralizer algebra 
CPk and the basis elements of both bases are parameterized by the 
same diagrams, which we call 'the generalized Brauer diagrams'. (See 
figure [TJ) 

The generalized Brauer diagrams are, by definition, the graphs of 
two lines of vertices with k vertices in the upper row and / vertices in 
the lower row, in which vertices are connected with each other as in the 
usual Brauer diagrams except for admitting isolated vertices. Namely 
they are graphs with no loops in which the number of edges connected 
to each vertex is either or 1. 

1 1 x z i : : i 

Vl V2 2/3 2/4 2/5 



* • • jt m m • • • • 

• » * • • • 9 t • • 

2/6 2/7 2/8 2/9 2/io 

Figure 1. The generalized Brauer diagrams of k = 2 
and I = 2 

Let us denote the set of the generalized Brauer diagrams with k 
vertices in the upper row and I vertices in the lower row by GB^. 

Precisely speaking, for each element of GB} 1 , we define two elements 
in CPj 1 = Hom Hn (jv)(A (g) h V,A^)^)V), one of which comes from 
the invariant theory (we call this element an invariant theoretic ele- 
ment.) and the other of which comes from the representation theory 
(we call this element a representation theoretic element.). The edges 
in the generalized Brauer diagram convey the same meaning as in the 
usual Brauer diagrams. As for the exact definitions of the above ele- 
ments, see the part after Lemma 15.61 in the section El for the invariant 
theoretic elements and the part after Definition 16.51 in the section El for 
the representation theoretic elements. 

For any element d G GB^, let us denote the corresponding invariant 
theoretic element by d inv and the corresponding representation theo- 
retic element by d rt respectively. Then we can show that both of the 
sets {di nv \d G GB^} and {d rt \d G GB^} are bases of the centralizer 
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space CPf = Hom Pin(7V) (A (g (g fc V, A (g) (g/ V) if fc ^ n and Z ^ ra, 
here iV = 2n or N — 2n + 1. If k = I and k ^ n, we obtain two kinds 
of basis of the centralizer algebra CPk- 

In Theorem 17.21 and Theorem I7.6[ we give the transformation matri- 
ces between the above two bases explicitly. 

If k > n or I > n, the sets {d inv \d G GBj 1 } and {d rt \d G GBj 1 } 
are not basis of CP\ at all, but the invariant theory tells us that the 
elements of the set {d inv \d G GB^} still span the whole space CY*\. 
(Lemma 15.61 ) 

We also give a series of the formulas to calculate the products of the 
basis elements in Theorem 18 .1\ from which all the products of the basis 
elements can be calculated. 

Those formulas tell us that we can define the 'generic' centralizer 
algebra of CPk if we put N = X (X is an indeterminate.) as in the 
usual Brauer centralizer algebras. 

From the definition, CPk naturally contains the ordinary Brauer 
centralizer algebra and the symmetric group of degree k. 

Since we already know the decomposition rules (see the formula 
(E2H), (jZH), flOEl).) of the tensor products, all the irreducible spin 
representations (that is, the representations not coming from O(N) or 
SO(N) ) of Pin(N) or Spin(N) occur in this space A (g) (gT V for 
some k. (See Section El) 

So we define the subspace Tj* a (s = 1,2, ... , min (k,n)) of A(gXgfV 

to be the intersection of the kernels of all the projections from A (g (g fc V 
to A (See Definition 16.41 ) and of the contractions and of the alternat- 
ing operators of degrees greater than s. This space is an analog of the 
traceless tensors in the classical arguments (|21j). 

Then on this space T° s , the symmetric group &k of degree k and 
Pin(N) act as a dual pair and we obtain an analogy of Schur-Weyl 
reciprocity for Pin(N). (See Theorem 110.31 ) 

For odd spinor groups, the irreducible Pin(2n+ 1) modules are still 
irreducible as Spin(2n + l)-modules, hence Spin(2n + 1) and &k act 
on this space T° s as a dual pair. 

For Spin(2n), if we define the 'associator' A of End(A) by 
A = id © — id on the direct sum A = A + A - and consider the endo- 
morphism (A g) id) G End(A (g (g) V), then (A £g> id) is an involution 
and the action of (A® id) commutes with those of CPk and Spin(2n). 
(See Lemma fl 0.61 ) 

The centralizer algebra CSk = Ends piri (2n)(A (g) (g) fe V) for Spin(2n) 
is generated by CPk and (A ® id). 

We denote the ±1 eigenspaces of (A <g> id) in the spaces Tj{? by T^f. 
On each of the spaces T^' s , Spin(2n) and &k act as the dual pair. (See 
Theorem 110.81 ) 
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The key theorems, which connect the fundamental pin or spin rep- 
resentations to the tensor calculus, are Theorem 14. 1[ 14.41 and Theo- 
rem EHlllIEl which give the explicit Pm(iV)-equivariant (or Spin(N)- 
equivariant) embeddings from f\ e V to A (^) A* under the specified ba- 
sis of both spaces. The transformation matrices of the same weight 
spaces in the direct sum of the exterior products and A (^) A* are given 
by the Hadamard matrices. 

We note that the construction here goes over a field Q(v^2)- 

2. PARAMETRIZATION OF THE IRREDUCIBLE REPRESENTATIONS 

We take a symmetric anti-diagonal matrix S = (5 it N+i-i) of size N, 
where 5y is Kronecker's delta and define the orthogonal group as 

0{N,B) = {geGL(N);gS l S = S}. 

Then its Lie algebra is given by 

so(N, R) = {X G M(N, R); XS + SX = 0}. 

As a Cartan subalgebra Sj, we can take the intersection of the above 
Lie algebra and the diagonal matrices and let be a homomorphism 
from Cartan subalgebra to R defined by taking the (i, z)-th component 
of the diagonal matrices. 

Let P + be the set of the dominant integral weights for so(N, R). 
Namely for N — 2n + 1, P + is given by 

P + = {A iei + A 2 e 2 + . . . + X n e n ; X 1 > A 2 > . . . > A n > 0} 

and for N = 2n, P + is given by 

P+ = {Aiex + A 2 e 2 + . . . + X n e n , \ 1 >\ 2 >---> |A n | > 0}. 

Here all the Aj's are integers or half-integers (namely 1/2 + Z) simul- 
taneously. 

We put A = (Ai, A 2 , . . . , A n ) and denote the corresponding irreducible 
character by \ Sp in(N)- 

The set of the dominant integral weights of the group SO(N) is the 
subset of the above, defined by the condition that all the Aj's are inte- 
gers. So in that case we also write Xso(N) for \s P i n {N)- Then the vector 
representation (the natural representation) is denoted by (l)so(N) and 
the representation f\ l V of so(iV) {i = 1,2, ... ,n) is denoted by as 
usual, ti is the irreducible representation (l l )so{N) if i < n or if i = n 
and N = 2n + 1. 

If i — n and iV = 2n, e n is not irreducible and is decomposed into 
the sum of two irreducible representations e+ = (l n )so(2n) and e~ = 
(l n_1 , — f)so(2n)- Later we give an explicit description of e+ and e~ in 

N n v. 

We note that f\ l V = /\ N ~ l V as SO(N) module. 
For a partition 5 = (8i, 8 2 , ■ ■ ■ , S n ), we denote the irreducible repre- 
sentations of Spin(N) as follows. 
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For Spin(2n + 1), we put A = (1/2 + 5 U 1/2 + 8 2 , ■ ■ ■ , 1/2 + 8 n ) and 
denote this irreducible representation by Xspin(2n+i) = [A,6]spin(2n+i)- 
Then [A, 5} Spin(2n+i) can be considered as an irreducible character of 
Pin(2n + 1). When we consider this as the representation of Pin(2n + 
1), we write [A,S]p in ^ n +i)- (See also Remark [3.91 ) 

For Spin(2n), we put 

(1/2 + 5) + Spm{2n) = (1/2 + S u 1/2 + 8 2 , . . . , 1/2 + 5 n ) Spm(2n) 

and 

(l/2 + 5)~ pin(2n) = (1/2 + 8 h l/2 + 8 2 , • • • , l/2 + 5 n _i, -1/2 -<!>„) spin(2n)- 

We denote simply by A + the irreducible representation (1/2+0) spi n f 2n ) 
and by A~ the irreducible representation (1/2 + ®)s pin ( 2 n)- 



Then we have 

n 

A = A+ + A" = JJfo 1 

and 



12 - xr 1/2 ) 



A + -A-=n^ i/2 -^" i/2 ). 

i=l 

Here x« denotes the i-th diagonal component of the maximal torus (the 
diagonal matrices = {diag(xi, x 2 , . . . , x n , x~ l , . . . , x^ 1 )} ) of the group 
SO(2n). We put A' = A + — A - . Moreover we introduce the sum 
character and the difference character for Spin(2n) and denote them 
by 

[A, 8] Sp in(2n) = ^Spin(2n) = (V 2 + ^)s pin ( 2n ) + (V 2 + S )s P in(2n) 

and 

[A', 8] S pin(2n) = A 5pL(2n) = (V 2 + S )spin(2n) ~ (V 2 + S )s P in(2n)- 

Then [A, 8}s P i n (2n) becomes the irreducible character of Pin{2n) and 
when we consider this as the representation of Pin(2n), we write [A, 5]pi n ( 2n )- 
(See the sectional) 

For a partition \i = (/xi, fi 2 , . . . , /j n ), we also denote the sum character 
and the difference character for SO(2n) by 

/ i 50(2n) = (/^l) ^2, • • • , ^n)sO(2n) + {fJ>l, ■ ■ ■ , /Ai-lj —^n)sO(2n) 
^SO(2n) = (/^Ij A*2) • • • j Hn)sO(2n) ~ {fJ>l, ■ ■ ■ , f^n-l, ~ ^n) SO(2n)- 

Then if < n, /^sq^ = 2fi S o(2n) an d A4 / 2 n) = 0- ^ or a partition 
with £(//) < n, Hso(2n) becomes an irreducible character of 0(2n), so 
we sometimes write Ho{2n) for Hso(2n) in this case. 



and 
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If £(/j) = n, A*5o( 2n ) is the irreducible character of 0(2n) and we 

sometimes write Ho(2n) f° r l^so{2n) m this case - 

First we give complementary formulas which are not dealt with in the 
previous paper [14J. We fix some notations. For a partition A with its 
length at most n, we denote the irreducible character of the Symplectic 
group Sp{2n) by Xs P (2n)- Then "C^ u denotes the multiplicity of \s P (2n) 
in the irreducible decomposition of the tensor product ^sp(2n)^Sp(2n)- 
Namely 

^Sp{2n)VSp(2n) = ^y,i/Affp(2n) • 
A 

We note that we can calculate these structure constants "C* explic- 
itly by using the Littlewood- Richardson rules. ( See Theorem 3.1 in 
H2! and also [HI, EE], PH-) 

Theorem 2.1 (Decomposition of Tensor Products for Spin(2n)). (i) 

If l{fi) = n, we have 

(£Ui) 

[A,5]spm(2n)/4o(2n) = E (-l) 1 ^ 1 "C^fo-^)) ^ [ A', «] S pin(2n) ■ 

S/u:vertical strip K / X-.vertical strip 

Here (ji— (l n )) denotes the partition (fit— 1, Hi— 1, . . . , 1) 
and <5/^ denotes the skew Young diagram and \5/v\ denotes the 
size of the skew Young diagram. 
(ii) If £(jj,) = n, we have 
(EU2) 

[^0Wn)/4V) = E (-l)' Ml + M ^)) E (-l) |K '[A^]^n( 2 n). 

f,A kQA,£(«)^w 
& / v.vertical strip k / \:vertical strip 

Proof. The proof is almost same as in the proof of Theorem 1.2 of [131 • 
From Theorem 10.1 in ^3], we have 

n 

[A,5)spin(2n){xi,X 2 ,...,X n ) = Y[(Xi 1/2 +Xi~ 1/2 ) ^ (~ 1) Wp(2n) (^1, 2 2 , • • • , ^n) 

i=l S / fiwertical strip 



■ Y[(Xi 1/2 + Xi 1/2 )(-l) |5| 550(2n+l)(-^l, ~X2, • • • , ~X n ) 



i=l 



and 



[A / ,5] 5 p in( 2„)(a;i,a;2,...,a; ri ) = JJ(a;j 1/2 1/2 ) ^Sp(2r»)(»i s ^2, • • • , a; n ) 

i=l S / fi:vertical strip 

n 

= Y\_( X i 1/2 ~ X i~ 1/2 )$SO(2n+l)(Xi,X 2 , ...,X n ) 
i=l 
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/4o(2n)( X l> X 2, ...,X n ) = Y\_( X i - X i ^O" ~ (1") ) Sp(2n) {%! , X 2 , • • -,X n ). 



8=1 



Here denotes the (i,i)-th component of the diagonal matrices 
which we take as a maximal torus for each of the classical groups. 
Moreover from Lemma 10.2 in [H], we have 



J^(Xi 1/2 +Xi 1/2 ) 2 5s P (2n)(xi,X 2 , ■ ■ ■ ,X n ) = ^ K S 0(2n+l){xi,X 2 , ■ ■ ■ ,X n ). 

i=l k I Swertical strip 

If we write the above in the form 



rij=i(l + x i) 2 x ( \ _ sr^ i \ 

0Sp(2n)\ x li x 2i ■ ■ ■ , X n ) — > K S o(2n+l){Xl, X 2 , ■ ■ ■ , X n 

X\X 2 ---X 



k/ Swertical strip 



and substitute — Xi for Xi, we have 



4)n+|a| JJ( x .i/2_ x . 1 / 2 ) 2 S Sp{2n) ( Xl ,x 2 ,...,x n )= ^2 «SO(2n+l)(-Zl, ~X2, 



Swertical strip 



We note that 5 Sp (2n)(-Xi, -x 2 , -x n ) = (-l) |5| 5s P ( 2 n)(>i, x 2 , ...,x n ). 
So we have ( for abbreviation, we write x for x\, x 2 , . . . , x n .) 



Spin(2n)l^ SO(2n) 
n 

= U^ 1/2 + X i' 1/2 )& - X ^)}^ - (l n ))5 P (2n)(x) (- 1 )' 5/H ^(2n 
i=l S/u -.vertical strip 

n 

= II{(^ 1/2 + x r 1/2 )(x l - xr 1 )} £ ^W)) A W X ) 

i=l 5 /v.vertical strip 

n 

Since JJ(xj 1/2 + xr 1/2 ) 2 A 5p (2n)(x) = K 50(2n+1) (x), we 

4=1 k / Swertical strip 

£(re)fSn 

have the formula (j2.1l l). 
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Also we have 
[A', 5} 

Spin(2n)fJ>sO(2n) 



Y[{(Xi 1/2 ~ Xi 1/2 )(X,-Xi ^X/i- (l n )) 5 p(2n)(x) Yl U Sp(2n) 

i=l 5 1 v.vertical strip 



n 



i=l 5/v.vertical strip 

n 

Since J]^ 1 / 2 - xr 1/2 ) 2 A 5p (2n)(x) = ^ «50(2n+i)(-^i, 

i=l k I ^-.vertical strip 

and |A| = \u\ + — (l n ))| mod 2, we have the formula ()2.11 2). 

□ 

From the above and Theorem 1.2 of we can deduce the fol- 
lowings. For abbreviation, we introduce the following convention. For 
e G {±1}, if e = 1, we consider A e = A+ < = e+ (1/2 + <5)^ (2n) = 
(1/2 + 5)+ pm(2n) , etc. and if e = -1, A e = A - , < = e" (1/2 + 

^)s P m(2n) = (V 2 + ^)s P m(2n)' etc - 

Theorem 2.2. Fore, ex, e% G {±1}, we /iai>e the following formulas. 
(i) 

1) (A e ) 2 = <+ £ e„_ 2 ,. 

212) A+A-= ^ e n _!_ 2l . 

0^2i^n-l 

(ii) For a partition 5 with its length £(5) < n, we have 
(2213) 

(1/2 + <5)s p j n (2„)(l)sO(2n) 

= (l/2 + 5)-; m(2n) + ( 1 / 2 + »Ys P in(2n) + E (VS + ^Spi^an)- 

|m/*I=i I<VH=i 

Here fi/5 denotes the skew diagram. 
If £{5) = n, we have 

(jZ2 4) 

(1/2 + 5) e Spini2n) (l) sO(2n) = 22 (I/ 2 + H)spin(2n) + ( 1 / 2 + f J ')s P in{2n) • 

|/V<5|=1, |5/Ml=l 
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(iii) For a partition \i with £(//) < n, we have 

(|22l5) 

A> SO (2„) = J2 ( 1 /2 + ^)5 pm (2n)+ J2 W 2 + 

11 I 'u vertical strip fi / u vertical strip 

\fi/i>\=0 mod 2 \il/u\=1 mod 2 

(iv) For a partition \i = (/xi, /i 2 , . . . , //„) wif/i = n ; we wzte 

/^50(2n) = ^SO(2n) anc ^/ i 50(2n) = (^1) • • • > — Hn)sO(2n) ■ 

Then we have 



^ '/ Spin(2n) ' 



216) A>- 0(2n) = £ (1/2 + 1/ 



C2 

S , pin(2n) " 

fj,/u vertical strip 
(-1)1^1 = £1 e 2 



Particularly, for the exterior products e\ 's if i < n, we have 
A £ (l% (2„) = £ (l/2+(l^))^ m(2n) + £ (V2+(l i - 1 - 2s ))^„ (2n) 

and /or we have 

A e < = (V2+(l n - 2S ))^n(2n) 

and 

0<2s<n-l 



V 



(e+) 2 = £ C^W), (e+)(e-)= £ ( 2 *> ^W)- 

s=n mod 2 s=n— 1 mod 2 

t=0 mod 2 t=0 mod 2 

(e;) 2 = (2^,-2) 5 o ( 2n)+ £ (2 s , 1— \ -l)50(2n)+ £ (2 s , 1*; 

s=n mod 2 s=n mod 2 

s<n-2 t=0 mod 2 

s+t^n-2 

Proof. All these formulas can be deduced easily from Theorem 12.11 and 
Theorem 1.2 of ^3]. We note that the diagram obtained by attaching a 
vertical strip to (// — (l n )) is equal to the diagram obtained by removing 
the vertical strip from //. □ 

Remark 2.3. In Example 10.3 of the formulas fl22C9l, d2~3M|) are 

stated in different forms, since the author considered there that if we 
allow fi n to take the value —1, the formulas become slightly of unified 
form. But this notation is not compatible with the other formulas in 
|14j . So it might cause some misunderstandings. Also the author must 



SO{2n)- 
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apologize for writing down the incorrect formula in Example 10.3 of 

A' A' = e n - e n _! + e n _ 2 - • • • + (-l)""^ + (-1)". 

The correct formula deduced from the formula \2. 21 \2.2\2}) in the 
Theorem thm repeven is 

A' A' = e n - 2e n _x + 2e n _ 2 + (-lf^ + (-1)"2. 

The rest of the formulas are correct in Example 10.3 of |14j . 

For Spin(2n + 1), we quote here several formulas, which we can 
deduce easily from the formulas in the Theorem 1.2 in ^1] and Theorem 
3.1 in [32! " 

Theorem 2.4. We have the following formulas. 
(i) 

(Ell) A 2 = e + ei + e 2 + ... + e n . 



dH2) 

[A, S]spin(2n+l)(i) SO(2n+l) 

— [A, S]spin(2n+1) + [A, fi]spin(2n+l) + [ A, /i] S P m(2n+l) • 

|/V<5|=M(/^n |<5/ M |=1 

Here £(fi) denotes the length of fi and n/5 denotes the skew 
diagram. 

(iii) For any partition A with £(X) ^ n, we have 

(J2313) A(g)A SO (2n+l) = J2 fj]spin(2n+l)- 

A/ ^-.vertical strip 

Hence A Aso(2n+i) contains A and onZy if X = (l k ) for 
some k (1 ^ ^ n). In i/iis case, we /iave 

k 

A(8)(l fc ) SO(2n+l) — Spin(2n+l)- 

8=0 

3. Clifford Algebras and Spin groups 

In this section we give explicit actions of the Lie group Pin(N) and 
its Lie algebra so (ATM) on the spaces A and its dual A* and f\ 1 'R N 
with respect to their specified bases, since later in the section 4, we 
need to show that the linear embedding from /\ l M. N to A (^) A* given 
explicitly there is equivariant homomorphism by verifying the actions 
of generaters of Pin(N) or Pin(N) on both sides. As for the reference, 
see jSJ. 

We consider the spin groups and their Lie algebra mainly over R. 
Let V be a vector space of dimension iV (N = 2n + 1 or iV = 2n) over 
the real number field R and we take a basis < u±, «2, • • • , u n , (%),%, . . . ,uj> 
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of V. Here {1, 2, . . . , n, (0), n, . . . , 1} is an index set and we consider 
that for the case N = 2n, we omit the index and that for the case 
N = 2n + 1, we add the index 0. We introduce an order in the index 
set such that l<2<...<n(<0)<rl< n-l < ... <T. 

Let B( , ) be a non-degenerate symmetric bilinear form on V 
defined by 

B(uk, u t ) = 0, B(u-%, uj) = 0, B(uk, uj) = ~d k ,e{k, I > 0). 
(B(u ,u k ) = 0, J B(M ,«fc) = (A;>0), B(« ,«o) = l-) 

oo 

In the tensor algebra 'T(V) = V, let be an ideal generated 

i=0 

by < v®v — B(v, v) > ve v ( here v runs over all the elements in V.) and 
we define the Clifford algebra Cl(V) by the quotient Cl(V) = %{V)/3 B - 

We note that < Uk + u-j:, u^—u-^ (k > 0), (m ) > is an orthog- 
onal basis of V and B{uk + Uj, Uk + uj) = 1, B(uk — Uj, Uk — Uj:) = 
-1, (B(u ,u ) = 1). 

Then Pin(N) and Spin(N) are defined by 

Definition 3.1. 

Pm(iV, B) := {±^ 2 ■ ■ .v r ;Vi G V, = ±1} 

and 

Spin(N, B) := {±v 1 v 2 ■ . ■ v 2r ; v { G V, B{v h Vi) = ±1}. 

Remark 3.2. Since the quadratic form B is the form of maximal index 
(^), that is, it has the signature (n, n) for N = 2n and (n + 1, n) for 
N = 2n + 1 , Pin(N, B) and Spin(N, B) are not compact groups. 

The Lie algebra L(Pin(N)) = L(5pin(JV))(= so(N, B)) in Cl{V) is 
generated by the degree 2 elements < UkUe >, (k ^ £). 

From now on, we simply write Pin(N) and Spin(N) for Pin(N, B) 
and Spin(N, B) because we fix the defining quadratic form B for the 
Clifford algebras. 

We define the subspace V k = M.Uk + ( k = 1,2, ... , n ) (and 
Vo = Mwo) of V . Then B\ Vk is non-degenerate and Cl{Vk) is isomorphic 
to all the 2x2 matrices M(2,R). This isomorphism 2 is given by 
4>2( u k) — X and 02 (^fc) = y an d 4>(ukU-j: — upik) = H, here {X, Y, if} 
is the standard triple in sl(2) and is given by 

'-(Si). "-(!S). 

Since V = Vi V2 ■ • ■ 14(0 Vo) is the orthogonal direct sum, 
we have the following isomorphism in this case. 

Cl(V) = Cl(V 1 )®Cl(V 2 )®.-.Cl(V n )(®Cl(V )). 
Here CliVk) is isomorphic to M(2, R) for > and CZ(Vo) is a two 
dimensional semisimple commutative algebra. 
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Remark 3.3. In [Hj (see p38 Theorem 3.3.), the tensor products of the 
Clifford algebras are considered in the category of graderd algebras and 
there appear the signatures in the products. But here in the above we 
consider the tensor products in the usual (not graded ) ways. So we 
need to say about the above isomorphism. 

Lemma 3.4 ([2D!)- Let (V, B) be a pair of vector space V overM. and a 
non- degenerate symmetric bilinear form B on V. Let V\, V 2 be a vector 
subspace ofV such that (V, B) is the orthogonal direct sum of(Vi, B\y ± ) 
and (V 2 , B\y 2 ).) Let a be the involutive automorphism of Cl(V\) i.e., 
a{v\) = —V\ for any elements Vi G V%. 

If there exists an involutive element 6 G Cl(Vx) such that Ad(Q) = a, 
(i.e. 9 2 = 1 and a(x) = OxO^ 1 for any x G Cl(Vi).) then we have 

Cl(V) C7(Vi)®C7(V2). 

Here the tensor product is an ordinary tensor product (i.e., not graded 
one) and the isomorphism $ from Cl(V) to Cl(Vi) §QCl(V 2 ) is given 
by 




u ® 1 if u G Vi 
9®u ifueV 2 . 



Proof. Since both the algebras have the same dimension, it is enough 
to show that $ is surjective homomorphism. 

For any v = {v u v 2 ) G V x V 2 («< G Vi), $(v)$(v) = (v 1 ® 1 + 6 ® 
v 2 ) 2 = v 1 2 ®l + 6 2 ®v 2 2 +v 1 6(g)v 2 +6v 1 (g)v 2 = (B(y 1 ,v 1 )+B(v 2 ,v 2 ))l®l, 
since a(v±) = —v\ = Qv\Q~ x . From the universality, $ becomes a 
homomorphism and Cl(Vi) is included in the image of so 9 ® 1 is in 
the image. Hence $ is surjective. □ 

For the orthogonal direct sum V = V\ V 2 • • • K>(0 Vo), the 
above 6 in the lemma for each direct summand is given by 9 = UkU^ — 
upi k , <p(6) = H. 

From the above, V\ ® V 2 • • • (£) Vn((£) Vo) becomes a representa- 
tion space of Cl{V). 

The central primitive idempotents in CI(Vq) are given by -. 

1 j 

Then uq acts on V^ 1 = M by ±1. 

And so if diml/ = 2n + 1, for the Clifford algebra Cl(V), we have 
the two different irreducible representations <j>± according to V ± . 

Since the dimensions of V^ 1 are one, so we omit the last tensor and de- 
fine the representation space of <p± by the same A = V\ ®V 2 §Q ■ ■ ■ §QV r , 

If dim V = 2n, Cl(V) is a central simple algebra over R and the above 
A is the unique irreducible representation of Cl(V) and we denote it 
by <p- 

Explicit representation matrices of 0, <\>± are given in the following. 
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Lemma 3.5. The representation matrices of(f>, 4>± on A = V\ V2 ' ' ' ® Ki 
are given as follows. 



k 

u k 1 — > H ® ■ ■ ■ H ® X 



l 2 • • • 09 J-2, 



1 — ► •••fr®y®i 2 -"-®i2, 

(iio 1 — * ±H®H®H®---®H,) 

,where k G {1,2, ... ,n} and 1 2 denotes the identity matrix of size 2 
and the sign of the image of uq is +1 for <p + and — 1 for </>_. 

If N = 2n, A is not irreducible as Spin(2n) module and is decom- 
posed into two irreducible representations A + and A~. We note that 
A is irreducible Pin(2n) module. 

If N = 2n + 1 and 4>± are restricted to Spin(2n + 1), it is known 
that they give equivalent irreducible representations of Spin(2n + 1). 
As Pin(2n + 1) modules, they are different in the tensor product with 
the linear character det. By 'det ', we denote the linear representa- 
tion of Pin(N) induced from the natural homomorphism Pin(N) — ► 

O(N) {±1}. 

We fix a base of the representation space A = V\ V2 ' ' ' ® Ki- 
From the definition, the set of vectors u Pl ® u P2 <g> • • • (g> u p Js (here 
Pi G {1, 1}, P2 G {2, 2}, . . ., p n G {n, n} ) becomes a basis. We pick up 
the indices I = {ijlp^ = ij} and denote the above vector u pi <8> ■ ■ -®u Pn 
by i 2 , . . . , i r ] = [I], where I = i 2 , ■ ■ ■ , i r } and %\ < i 2 < ■ ■ ■ < i r - 

From Lemma 13.51 we can write down the action U}. and Uj; on this 
base. Since Hu^ = u^, Hu^ = —uj., Xu k = 0, Xuj, = u^, and Yu^ = 
Ufa Yui = (H, X, Y is the standard triple in sl(2, R)), we have the 
following lemma. 



Lemma 3.6. 

i 2 , 13, • • • , ir] = 

where i s denotes the removal of the index i s from the index set and 




if k = i s for some i E 
otherwise, 



-l) s 1 [i 1 , . . . , i 8 _i,k, i s , . . . , i r ] ifk£l and i a _i < k < i s 

Wi> 12, • • • , irj = <; n . 

otherwise. 



(u [i u i 2 , i 3 , • • • , ir] = ±(-l) r [ii, i 2 , is, • • • , i r ] according to 0±.) 

This representation is sometimes called the Fock space representa- 
tion since it is realized as the action on the exterior algebra of the 
isotropic subspace of V generated by Uj, u^,. . . i%. That is, under the 
correspondence of [ii, i 2 , i 3 , . . . , i r ] = Uj^ A Ujz A ... A Uj-, u k acts on 
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this space by the interior product (here we must adjust the inner prod- 
uct such as (uk,uj) = 5k/-) and u k acts on this space by the exterior 
product u k A and uq acts by the degree operator (— l) dcg . 

Therefore for later convenience, we introduce the following conven- 
tion. For the indices in the bracket i 2 , i 3 , . . . , i r ] which are not 
necessarily in increasing order, we correspond this element to if the 
indices are not distinct, otherwise we correspond this to the signed base 
element e(a)[i a ^, i a (2), i<r(3), • • • , i<r(r)], where a is the permutation of 
{1,2, . . . , r} such that < i a ( 2 ) < V(3) < • • • < V(r) and e(cr) de- 
notes the signature of a. This convention is compatible with the base 
of the Fock space representation. 

The explicit action of the Lie algebra L(Spin(N, B)) on V is given 

by 

&d(uv )w = [uv, w] = uvw — wuv = 2B{w, v)u — 2B(w, u)v, 

where u, v, w e V and the product here is that of the Clifford algebra, 
therefore we can calculate the explicit actions of the standard root vec- 
tors of so(N) with respect to the base < ui, . . . , u n , (u ),Un, . . . , uj > 
of V. The standard root vectors of L(Spin(N)) for the simple roots 
are given by X k = u k u-]^p[, Y k = u k+1 u^ (1 ^ k ^ n — 1) and 

hi = 1 — — (1 ^ i ^ n) and for L(Spin(2n + 1)), X n = u n u , 

Y n = uqUu and for L(Spin(2n)), X n = u n -\u n , Y n = Unii-^i. There- 
fore the actions of the above root vectors on V and A are given as 
follows. 

Lemma 3.7. For k (1 ^ k ^ n — 1) and % (1 ^ % ^ n), we have 

k 

ad(X fc ) = E k>k+1 - £fe+r,fc, d<f) ± {Xk) = -1 2 <8> • • • h ® X <g> Y <g> 1 2 • • • <g> 

k 

ad(F fe ) = E k+ i, k - ^fc+r, d(f) ± (Y k ) = -1 2 <g> ■ ■ ■ 1 2 <g> Y <g> X <g> 1 2 • • • <g> 

1 i 

ad(/ii) = - %, d(f)±(hi) = -1 2 (8) • • • 1 2 <g> # <g> 1 2 • • • <g> 1 2 . 

ylnd /or L(Spin(2n + 1)) ; we /lave 
ad(X n ) = 2£„ i0 - S 0>5 , d0 ± (X n ) = =pl 2 ® 1 2 ® • • • ® U ® A", 

ad(r n ) = E 0>n - 2E Wi0 , d0 ± (r„) = =fi 2 ® i 2 <g) • • • <g> i 2 <g) y. 

And for L(Spin(2n)) , we have 

ad(X n ) = S„-i,n - £„,t^t, d0(X n ) = -1 2 ® ■ ■ ■ ® 1 2 ® X <g> X, 
ad(F n ) = E^n-i - £^ n , d0(F n ) = -1 2 (8) • • • <g> 1 2 (8) Y <g> Y. 

Then for any 1 ^ k ^ n — 1, we have [X fc , Y" fc ] = hk — h k+1 = H ak 
and for L(Spin{2n + 1)), [X„, F n ] = 2/i n = 2F an and for L(Spin{2n)), 
[X n , Y n ] = h n _i + h n = H an . 

For Spin(2n), ad is a Lie algebra isomorphism from L(Spin(2n)) 

to so(V, B). Since _B = -S* with respect to the fixed basis (S is the 
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defining symmetric form of so(N,M) in the section |2j) , so(V,B) is 
identified with the Lie algebra so(IR 2n , S). 

So from now on, we consider V has the standard basis < Ui, uj > 
such that the defining symmetric bilinear form is given by S. Namely 
V has the inner product ( , ) such that uj) = 5k/ and the values 
of the inner products between the other base elements are all 0. 

For Spin{2n + 1), we need to change basis. Let us put uo> = —j=uq. 

1 

Then B(uq>, Uq>) = — and we take a new basis < Ui, Uq>, Uj > of V. The 
representation matrices of X n and Y n under 'ad' change into a,d(u n uo) = 

ad(X n ) = \/2(E nj o'-Eo',n) and ad(w Wn) = ad(F n ) = \/2(-£o>- -EkoO- 
Then ad is a Lie algebra isomorphism from L(Spin(2n + 1)) to so(V, B) 
and the symmetric matrix corresponding to B on the new base is given 



So similarly as above, we consider V has the standard basis < u i} iiy, uj 
such that the defining symmetric bilinear form is given by S. Namely 
V has the inner product ( , ) such that (uk,uj) = 5k,e, (uo'^c) = 1 
and the other inner products between these basis elements are all 0. 

From Lemma IH.7| We can write down the action of X^s and Y^'s 
explicitly on the fundamental spin representation space A (the dual of 
A) of so(iV) with respect to the basis [i l3 i 2 , . . . , i r ]'s. 

Lemma 3.8. In this lemma, I denotes the index set {ix, 12, . . . , i r }, 
where i±, 22, ^3, • • • , i r are in the increasing order. If 1 ^ k ^ n — 1, we 
can write down the actions of 's and 's simultaneously for so(N) 
with respect to the basis i 2 , . . . , i r ] 's as follows. 



by -S. 

y 2 





if k = i s and k + 1 < i s 
otherwise, 



and 




) J-s— 1; - L s+1; ■ ■ ■ j x r 



if k + 1 = i s and k > z s _i 
otherwise, 




For L(Spin(2n + 1)) ; we have 




if i r = n 
otherwise, 



and 




ifi r ^n 
otherwise. 
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For Spin(2n) , we have 
X n [it, i 2 , . . . , i r ] = 
and 

12, • • • , i; 



— [ii, i 2 , • • • , ir- 2] =7i — l and i r = n 

otherwise, 



-[ii,i 2> ...,ir,n-l,n] if i r < n - 1 

otherwise 



Remark 3.9. As noted before, for Spin(2n + 1), <f>± are equivalent if 
we restrict them to the group Spin(2n+1) and the derivations d<ft± only 
differ in the sign of the representation matrices of X n and Y n , where 
X n and Y n are fixed short root vectors. 

As so(2n + 1) modules, if we take a new base {[ii, i 2 , . . . , i r ]_ = 
(— l) r [ii, i 2 > • • • j ir]} in the representation space of d<p_, then the rep- 
resentation matrices of X i} Y i} hi under d<p_ with respect to this new 
base coincide with those of them under d<ft + . 

So hereafter, in the representation space of 0_ for Pin(2n + 1) (and 
in its dual space), we only consider the elements [ii, . . . , i r ]_ instead 
of [i 1; . . . , i r ]. 

And from now on, we change the definition of the notation i 2 , . . . , i r 
in the representation space 0_ and by i 2 , . . . , i r ], we denote the el- 
ement [ii, i 2 , . . . , i r ]_ in 0_. 

For dimV = 2n + 1, the center Z(Cl(V)) of the Clifford algebra 
Cl(V) is given by Z(Cl(V)) = R0Mz, where z = (u x - u T )( Ul + 
uj) ■ ■ ■ (u n — Un){u n + Un)u . We have z 2 = 1 and z acts on V by the 
scalar —1 and acts on the representation spaces <p± by the scalar ±1. 

The Clifford theorem tells us that there are exactly two non-equivalent 
irreducible representations of Pin(2n + 1) with the same character and 
that one is obtained from the other by the tensor product with the linear 
character det . 

Since z Spin(2n + 1), we can distinguish them by the action 
of z. By [A, 5]pi n (2n+i),±! we denote the irreducible representation of 
Pin(2n + 1) with its character [A,6]s P i n (2n+i), on which z acts by the 
scalar ±1. 

For the representation space of 4>±, we simply denote them by A ± 
instead of Apj n ( 2n +i),±- We have (A±)* = A±. 

In this paper, for abbreviation, A stands for A + or A_ with the base 
{[ii, i 2 , . . • , i r ]} noted above, if not specified. 

For so(2n), from Lemma the parity of the number of the in- 
dices in the base element i 2 , i 3 , . . . , i r ] under the above action is 
preserved. We define A + to be the linear space spanned by all the 
base elements with even parity of the number of indices and A~ to 
be the linear space spanned by all the base elements with odd parity 
of indices. Then the highest weight vector with the highest weight 
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o( e i + e 2 + • • • + e «) of A + is given by [0] and the highest weight vector 

with the highest weight - (ei + • • • + e n _i — e n ) of A~ is given by [n] . As 
for the dual representation (A + )* and (A - )*, if n = mod 2, we have 



(A+)* = A+ and (A - )* = A - . If n = 1 mod 2, we have (A+)* = A~ 
and (A-)* = A+. 

As a Pin(2n) module, the action of the element Uk ± uj in Pin(2n) 
on A is given by 

k 

<p(u k ± uj:) = H ® ® ■ ■ ■ H ® (X ± Y) ® 1 2 ® ■ ■ ■ ® I2 

The adjoint action of the element u n —Un on the Lie algebra L(Spin(2n)) 
in the Clifford algebra C7(V) gives the standard outer automorphism 
of Spin(2n) and the sum characters [A, 5]spi n (2n) are the irreducible 
characters for Pin(2n). 

Also the element u n — % acts on A by (u n — i%)A = A T and 
(it n — Un) 2 = — id. Then the Clifford theorem tells us that as Pin(2n) 
modules, (A (^) det) = A. The associator A which realizes this isomor- 
phism is ,by definition, the linear isomorphism on A = A + A~ given 
by 

A = id A + © - id A - . 

For, it is easy to see that {u n — Un)A = —A{u n — Un) and A commutes 
with the action of Spin(2n). This fact tells us that if two irreducible 
representations A and A of 0{2n) are associated, i.e., A = A(££)det, we 
have the equivalent representation A(^)A = A(3)Aof Pin(2n). 

A acts on A by the degree operator A[l] = ( — 1) I 1 ' [l] . 

Also by the same reasoning, all the [A, 5]p« n (2n) become self-associated 
since [A, 5]p in ^ n ) is decomposed into two non-equivariant representa- 
tions under Spin(2n) and the Clifford theorem tells us that it occurs 
if and only if [A, 5]p in ( 2 n) is self-associated. (See pl61 in |2T|.) So we 
have [A,S\pi n (2 n ) — [A, S]pi n (2n) <S> det. This fact means that the char- 
acters [A, 5]s P in(2n) uniquely determine the irreducible representations 
of Pin{2n). 

Since [A, 5} = (l/2 + 5)+ pm(2n) 0(l/2 + 5)- pm(2n) and (« B -t % )(l/2 + 
5 )% in {2n) = (V 2 + <*)fpi n(2 „), the associator A is given by 

A = id (V2+5)+ pln(2n) ® - id (l/2+5)s pln(2n) • 

We write down the above as a lemma and use this fact later. 

Lemma 3.10. We have the isomorphism [A, S\p in {2 n ) — [A, S]p in ^n) <S> det. 
The associator A which realizes this Pin{2n) isomorphism is given by 

A = id (l/2+5)+ pl „ (2n) ® - [d (V2+S)- Spm(2n) ■ 
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Hence the characters [A, 5]s P i n (2n) uniquely determine the irreducible 
representations of Pin(2n) . Since (A0det) = A, we have A (g)(A (g) det) = 
A0A. 

A compact real form so(N) cpt of L(Spin(N)) (g) C = so(N,C) is 
generated by the elements \/—lhi and \J — + Y;), AQ — Yj, (2 = 
1, 2, . . . , n) as a real Lie algebra. 

Then we can introduce the invariant hermitian inner products with 
respect to so(N) cpt in the space V and A^ respectively. Such invariant 
hermitian forms are given explicitly as follows. If we define a hermitian 
inner product in V such that the basis < u i: (u i),Uj > are orthonor- 
mal basis, then we can show easily that the hermitian inner product 
becomes invariant under the action of so(N) cpt . Also if we define a 
hermitian inner product on A such that the basis {[ii, i 2 , i 3 , . . . , i r ]} 
({ii, % 2 , . . . , i r } runs over all the subsets of [1, n] = {1,2, ... ,n}.) is 
orthonormal basis, then we can show easily that the hermitian inner 
product becomes invariant under the action of so(N) cpt . So we con- 
sider V, A, A^ are the hermitian metric spaces with these invariant 
hermitian metrics. 

Let us consider the dual action of A and V. Let A* and V* be the 
dual vector space of A and V respectively and let < u*, (u^,), u% > and 
. . . , i r ]*} be the dual basis of < u iy (u '),uj > and {[ii, . . . , i r ]} 
respectively. Since the representations matrices of the dual representa- 
tions on the dual basis are given by the minus sign of the transposed 
matrices, we can write down the dual actions explicitly as in Lemma 
13.71 and Lemma 

We fix some notations. 

In the exterior product /\ r V, we have the natural basis {u^ A u i2 A 
... A u ir }, where ik G {1, . . . ,n, (0'),n, . . . , 1}. We denote these basis 
elements only by their indices 

< i l5 i 2 , . . . , i r >= i ^K-md ® M ^-i( 2 ) ® • • • ® U K- H ry 

We define an order in the index set by 1 < 2 < . . . < n < (0') < 
n < . . . < 1 and introduce the following convention. For any I, J,W C 
[1, n] = {1,2,..., n}, < I, W, W, J > denotes the exterior product u T A 
u v A Uy A u-j, where for any subset K of the index set, u K denotes the 
exterior product < ki,k 2 ,...,k r > for K = {hi, ki, . . . , k r } and the 
indices are arranged in the increasing order defined above, namely k± < 
k 2 < . . . < k r . Also we put < I, W, 0', W, J >= u T A u v A u i A A uj. 

For example, for subsets I = {1,4} and W = {2,5} and J = {3,6} 
of [1, 7], < I, W, W, J > denotes the exterior product U\ A n 4 A u 2 A u 5 A 
% A % A % A Ug. 

Also for the base {[i 1; i 2 , . . . , i r ]} of A, we introduce a similar no- 
tation. Namely for mutually disjoint subsets I and K of [l,n], {[l,K] 
denotes the element [ii, . . . , i r , k 1; . . . , k s ], where the indices i±, i 2 , ■ ■ ., 
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i r are in the increasing order and the same for K. We note that the 
indices in the bracket have the alternating property. For the dual space 
A*, We introduce the same notation [J, K]*, conveying the same mean- 
ing. 

Then {[I,K] <g> [J,K]*} becomes a base of A (g) A* if I and K and J 
run over all the mutually disjoint subsets of [l,n\. 

Since V is a hermitian space, so the exterior products f\ k V of V are 
naturally endowed with the hermitian inner product. Namely {u^ A 
Ui 2 A . . . A Ui r } becomes an orthonormal basis of f\ k V. 

Since V has the 0(iV)-invariant bilinear form S, we can identify the 
vector space V and its dual V*. 

Let i be the IR-linear map from V to V* defined by t(u k ) = u k *. 

Here k G {1, . . . , n, (0'),n, . . . , 1} and we consider k = k, 0' = 0'. Then 
i : V — ► V* is an 0(iV)-equivariant isomorphism. We also denote the 
0(iV)-equivariant isomorphism from V* to V by the same notation t, 
i.e., i(u* k ) = -up 

The dual base is given by < I, W, (0'), W, J >* = fc! < I*, W*, (0'*), W*, J* > 
(here k is the degree of the exterior product and * denotes the element 
obtained by replacing each tensor component by its dual base). 

Definition 3.11. Let i = (-1)© /\ k t : f\ k V — > (A*^)* be the 
0(N)-equivariant isomorphism defined by 



We also denote the inverse of the above by the same letter t, that 



is, i is also the map i = (-1)© f\ k i : (/\ k V)* — > /\ k V defined by 
t(< I,W, (0'),W, J >*) = k\ < J,W, (0'),W,T >. 



To prove the next lemma, we also introduce the linear map i! : 



Definition 3.12. t'(< J,W, (0'),W, I >) =< I,W, (0'),W, J >. 

Then we can check easily that l'X^ = —Yj,l', l'Yj, = —X^i' and 
L 'hk = —h k i' on A^ V- 



l{< I,W, (o'),w,j>) 



1 



< J,W, (o'),w,i >*. 



K v — ► A £ v - 



i 

Lemma 3.13. The so(2n + 1) -isomorphism r e : f\V 
given by follows. 



2n+l-e 



A v is 



r e {< J, W, W, I >) = (-l) |w| < J, W c , 0', W c , I > 



and 




20 



KAZUHIKO KOIKE 



r e {< J, W, W, I >) = (-1) 111 < J, W c , W c , I >, 
where WU W c — [l,n] — J — I. 

Proof. For so(2n + l), we note that we can deduce the above easily from 
the Theorem 14.11 but we also can check it directly as in the following 
argument. So we give proof for so(2n) here. 

We show that r> is so(2n)-equivariant. 

Then we have t'or<= (— 1) r# o l', since i + j + 2w = i. 

From the argument just before this lemma, it is enough to show that 
all the Y k commute with r^, since r^X k = —r£i'Y k i' = (—V) lJrl i! r ?Y k i! = 
(-lY+h'Yknt' = -I'Yki'n = X k r e . 

Let us prove r e Y k (< J, W, W, I >) = Y k r e (< J, W, W, I >) for k = 
l,2,...,n-l. 

Here the action of so(2n) is the adjoint action and is given by 
ad(F fc ) = E k+1>k - £^£+1- 

Case 1. k, k + 1 G J or k, k + 1 G I. 

In this case, both sides are zero and the equality holds. 

Case 2. k G J and k + 1 G I. 

Then we have k, k + 1 ^ W and 

Y k (< J,W,W,T>) = e< J-{k},W+{k+l},W+{k+l},I-{k+l} > 

— e < J — {k}, W + {k},W + {k}, I - {k + 1} > 

, where e = (_l)l{ie J; i> fc + 1 }l+l{*6 I;i > fc + 1 }l. 
So we have 

r t Y k (< J,W,W,T >) = e(-l)l / l- 1 < J - {k},W c + {k},W c + {k},I-{k+l} > 
-e(-l) |/|_1 < J - {k}, W c + {k + 1}, W c + {k + 1}, I - {k + 1} > . 
On the other hand, we have 
Y k r e (< J,W,W,T>) = e' < J - {k},W c + {k + 1},W C + {k + 1}, I - {k + 1} > 

— e' < J — {k}, W c + {k + 1},W C + {k}, I - {k} > . 

Here e' = (-l)\ I \+\{i^> k + 1 }\+\{^> k + 1 }\ and the equality holds. 
Case 3. k G J and k + 1 G W. 
Then we have 

y fc (< J,W,W,T>) =< J - {k} + {k + 1}, W - {k + 1} + {k}, W - {k + 1} + {k},T > . 
So we have 

n Y k {< J,W,W, I >) = (-1) 111 < J - {k} + {k+ 1},W C , W, I > . 
On the other hand, since k, k + 1 ^ W c , we have 
Y k n(< J,W,W,T>) = (-1) 111 < J - {k} + {k+ 1},W C ,W^,T> . 
So we have the equality. 
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We omit the proof for the other cases since the proofs are almost 
similar. 

Let us prove r?Y n (< J,W, W, I >) = Y n re(< J, W, W, I >), where 
ad(F n ) = En t n-\ — E—i n . 

Case 1. n — 1, n G J or n — 1, n G I. 

If n — 1, n G J, we have 
Y n (< J,W,W,T>) = - < J — {n} — {n— l},W+{n— l},W + {n— 1},T> 
- < J - {n- 1} - {n},W+ {n},W+ {n},T > and 

r t Y n {< J,W,W,T>) = (-1)I I I+ 1 (< J- {n}-{n- l },W c + {n},W c + {n},I > 
+ < J - {n - 1} - {n}, W c + {n - 1}, W c + {n - 1}, I >). _ 

The right hand of the above is equal to Y n r^< J, W, W, I >). 

So we have the equality. The proof is almost same for the case 
n — 1, n G I. 

Case 2. n-l£J and n G I. 

In this case both sides are zero and the equality holds. 
Case 3. n — 1 G J and n G W. 

F n (< J, W, W, I >) = - < J - {n - 1}, W - {n} + {n - 1},W- {n} + {n - 1}, I + {n} > 
and r E Y n (< J,W,W,T>) = (-l)' 1 '^ J — {n — 1}, W c , W,I + {n} > . 
The right hand of the above is equal to Y n rg(< J, W, W, I >). 
Case 4. n — 1 G J and n ^ I, W. 

Y n (< J,W,W,T >) =< J - {n - 1},W,W, I + {n} > andr £ F n (< J,W,W,T > 
) = (_l)HI+i(< J — {n — 1}, W c - {n} + {n - l} 1 W-{n} + {n-l},lTW> 

Since n G W c , the right hand of the above is equal to Y n r t {< J, W, W, I > 

)• 

The rest of the proof follows from similar direct verifications and we 
omit it. □ 

From the above, we can define the explicit base elements of the irre- 
ducible constituents and e~ of /\ n V under the action of Spin(2n). 

The spaces e+ and e~ are given respectively by the ±1 eigenspaces 
of the 5 , pin(2n)-equivariant involution r n on f\ n V defined in Lemma 
ETT3I 

Definition 3.14. For an exterior product < J, W, W, I > of degree n, 
we denote the basis elements of e^ respectively by 

< J,W,W,T > {±) = -= (< J, W,W, I > i(-l) 111 < J,W C ,W=,T >) , 

if the right-hand sides are non-zero. 

In the case of |l| + | J| = n, we have < J, I >^ = s/2 < J, I >, 

< J, I > (_) = if |I| = mod 2 and < J, I > ( ~ } = ^2 < J, I >, 

< J, I > (+) = if |I| = 1 mod 2. 
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Hence we have 

< J, W, W, T >= -j= {< J, W, W, T > (+) + < J, W, W, I > ( ~ ] j . 

We introduce some other duality maps. 

For Spin(2n+1), since A is self-dual, the isomorphism la : A — > A* 
is given by <<a([I]) = ( — l)( ri+1 )l / I^E I [i c ]*. Here I c is the complement 
of I in {1,2,..., n} i.e., I U I c = {1, 2, . . . , n} and I = Yliei * anc ^ 
|l| denotes the number of the elements in I. 

Then we can check easily d</> + = d<fr* + la- 

Also for Spin(2n), if n is even positive integer, A 1 * 1 is self-dual and 
the isomorphism l a : A ± — > (A 1 * 1 )* is given by ^a([I]) = (— l)^ 1 ^ ]*. 

If n is odd positive integer, then (A 1 * 1 )* = A T and the isomorphism 
l a : A ± — ► (A T )* is given by t A ([l]) = ±(-l) E ^I ]*- 

Then we can check easily la d0 = d<p* la- 

Also we define an involutive linear automorphism i' on A A* as 
follows. 

Definition 3.15. For any disjoint subsets I, J in [l,n], i' is defined 
by 

® [J]*) = [J] <8 [I]*. 

Then for so(N), it is easily checked that i'X^ = —Y^tf, l'Y^ = —X^l' 
and i'hk = —hktf on A® A*. 

If N = 2n, l' is the linear map satisfying l'(A E1 (g)(A £2 )*) = A 62 (g)(A ei )*, 
where e±, e 2 G {±1}. 

4. The equivariant embeddings of f\ h V to A ® A* 

In this section we give the key theorems, which bridge the gap be- 
tween the spin representations and the tensor calculus. 

Theorem 4.1. For any k (1 ^ k ^ 2ri+l) ; there exists an so(2n + 1)- 
equivariant embedding (ftk from f\ V to A (^) A* defined as follows. 

/_i \|w— wdk| 

PI) <M< J,w,w,T>) = ^ A_^__[ I!K ]®[j,k]* 

[l,n]— J-IDK 

iU2) fc (< J,W,0',W,I>) = ]T 1_^___[ I)K ]®[J,K]* 

[l,n]— J-IDK 

Moreover the above <pk is an isometric embedding with respect to the 
invariant hermitian inner products. 

We give proof of the above theorem in the last of this section. 

Remark 4.2. Here A stands for A + or A_ and in the tensor parts cor- 
responding to A_ ; as for the bracket notation, we obey the convention 
of Remark \S.fA 
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If we compare the actions of the center z (see Remark 13.91 ) on both 
sides, as Pin(2n + 1) modules, we have 

n 2i 

(4.1) A ± (8)A ± = e(A^) 

i=0 

and 

(4.2) A ± (g)A T S 0( 2 XV) 

i=0 

and the above ^^'s give Pin(2n + l)-equivariant embeddings. 
So for the group Pin(2n + 1), we have the following theorem. 

Theorem 4.3. For any k (1 ^ k ^ 272 + 1), i/iere exists a Pin(2n + 1)- 
equivariant isometric embedding (p^ from f\ V to A ei (^) A* 2 defined by 
rPTTTT^ and (j4~TT2jl in Theorem $1\ Here e 1 ,e 2 G {±1} and (-l) fc = 
eie 2 . 

We move to the case N = 2n. 

For e!,e 2 G {±1}, by (p e / €2 , we denote an so(2n)-equivariant embed- 
ding from f\ l V to A £1 (g)(A £2 )*. For example, <^ 1£2 = <pj~ if ei = 1 
and €2 = — 1 and so on. 

Theorem 4.4. If n is even, we have (A + )* = A + and (A - )* = A" 
and only the embeddings (pl ie2 for any £ (1 ^ £ ^ 2n) satisfying the 
condition t\ = (—l) n ~ e e 2 occur. 

If n is odd, we have (A+)* = A" and (A")* = A + and only the 
embeddings 4> e / e2 for any £ (1 ^ £ ^ 2n) satisfying the condition t\ = 
— (— l) n 62 occur. 

For £ n, <f) e e 1€2 is given by 

( — 1 \|w-whk| 

don) ^r(< j,w,w,t>)= £ 2( „_ [J ;_| I |_ 1)/2 [i, k] <g> [j, k]*. 

[l,n]-J— I3K 

(_l)i+fe= ei 

(_l)j+fc =e2 

i/ere fry small letters, we denote the number of the elements in the 
set indexed by their capital letters. 

For e+ and e~, 4>^ 62 is given by 
(JH2) 

C_i \|w-wnK| 

c e2 (< j,w,w, i > M ) = £ ^m t 1 '^ ® M *- 

[l,n]-J-IDK 
(-l)*+*= ei 
(_l)i+fe= e2 

Moreover each of the above cff^ 2 's is an isometric embedding with 
respect to the invariant hermitian inner products. 

We give proofs of the above theorems for Spin(2n + 1) and Spin(2n) 
in the last of this section simultaneously. 
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Remark 4.5. For and e n , we note that only the above case occurs 
from (HHD and (J22H. 

The last statements in Theorem 14.11 and Theorem 14.41 follow easily 
from the following fact. 

Since <pk and <p e k lt2 become the so(N, (C)-equivariant map, then of 
course it becomes so(N, C) cpt equivariant map. 

/\ k V and e+ and e~ are irreducible under the action of so(N, C) cpt . 
Hence the invariant hermitian products only differ in a scalar multiple. 
If we take the highest weight vector of f\ k V and compare its value of 
the hermitian inner product with that of its image, the last statements 
follow easily. 

Before we prove the theorem for Pin(2n), we state several properties, 
which follow from the theorems easily. 

For Spin(2n + 1), from Theorem 14. 1| we have the isomorphism 
^ =0 f\ 2i V = A<S)A*. 

So we give the inverse of the above isomorphism. 

Let us compare the same weight spaces in both sides. For simplicity, 
we omit <pk since the degrees of the exterior products tell us which 
4>k we are considering in the argument. Let I = {ii, «2, • • • , v} an d 
J = {jij hi ■ ■ ■ yjs} be disjoint subsets of [1, n). 

Let ej — e z denote the weight ej — e x = + e J2 + . . . + e Js — — 
e i2 — . . . — e ir . Then a base of the weight space of weight ej — e z in 

0r=o f\ 2iy is S iven b y {< J, W, W, T >} if I J I + |l| =0 (mod 2) and 
{< J,W, 0',W,T >} if |J| + |I| = 1 (mod 2). Here W runs over all the 
subsets in [1, n] — J — I. 

Also a base of the weight space of weight ej — e x in A (^) A* is given 
by {[I, K] £g> [J, K]*}, where K runs over all the subsets in [1, n] — J — I. 

Since both bases are hermitian orthonormal bases of ©™ =0 A 2 * ^ an d 

A (^) A* respectively, the transformation matrices 2( n -|j|-|i|)/2 ((~-*-)^~ WnK ^)w,K 
are unitary matrices. Moreover all the components in the above are 
real, so the transformation matrices are orthogonal matrices over M, 
hence H 3In = ((— l)' w " tfnK ')w,K (W and K run over all the subsets in 
[l,n] — J — I.) are Hadamard matrices of size 2 ' t 1 '"-] J 1 1 . These 
Hadamard matrices are equivalent to the tensor products of the stan- 
dard Hadamard matrix of size 2. 

So the inverse matrices of these matrices are given by transposing 
the original matrices. 

Therefore if |J| + |l| = (mod 2), we have 



[I,K]0[J,K]' 



E 



[l,n]-J-IDW 



2(n-|J|-|l|)/2 



< J, W, W, I > 
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and if |J| + |l| = 1 (mod 2), we have 

/ i \|K-Knw| 

[i,k]®[j,k]*= Y ^Fm~2< J,w,o',w,T>. 

[l,n]— J-IDW 

Similarly for Spin(2n), from Theorem 14.41 we have the isomorphism 
e£0e n -20---0e o = A £l (g)(A e2 )*, here ei ,e 2 G {±1} and e 2 = 
(-l)»e 1; 

We give the inverse of the above isomorphism. 

As before, if we compare the same weight spaces in both sides, we 
obtain the inverse as follows. We also omit (jf^ e2 since the degrees of 
the exterior products and the parities of the indices in the brackets tell 
us which <^ 1<E2 we are considering in the argument. 

For the irreducible decomposition A ei (3)(A e2 )* with e 2 = (— l) n ei, 
in the case of (— = e\ and (— = e 2 , we have 

[I,K]®[J,K]*= Yl 2 (n-| J |-|l|-l)/ 2 <J ' W '^ I> 
[l,ra]-J-IDW 
i+j+2w£n-2 



+ £ 



[l,n]— J-IDW 
i+j+2w=n 



f_l)|w-wnK| 



We note that in the second sum, if n—i—j > 0, (-l) |w wnK l< j ; W, W, I > 
= (-l)l wc - wcnK l< j, w c , W,I > (ei) and we count it twice. 

For the irreducible decomposition A £1 (^)(A e2 )* with e 2 = — (— l) n ei, 
in the case of (— = e\ and (— = e 2 , we have 

(—1 ^Iw-wnKl 

[I,K]®[J,K]* = Yl 2 (L|JHi|-i)/2 < J ' W '"' T> - 

[l,n]-J-IDW 
i+j+2w^n— 1 

The matrix ((— l)' w ~ wnK ') K w is an Hadamard matrix of size 2 n- ' J ' - ' 1 ' -1 , 
where W and K run over the subsets in [l,n] — J — I satisfying |W| ^ 
(n — l — i — j)/2 and (— l)l K l+ l = e\. These Hadamard matrices are also 
equivalent to the former ones. 1 

Using the above theorem, we obtain the following Pin{2n) (0(2n)) 
equivariant isometric embeddings. 

Theorem 4.6. As Pin(2n) (0(2n)) modules, for any even i (1 ^ £ ^ 
2n), there exists an equivariant isometric embedding <fig : f\ V — ► 
A0A* given by 

(—\ Mw-wmc| 

M< J,W,W,I>)= Y 2("-|JHi|)/a [I ' Klg>[J ' Kl< 

[l.nl— J— IDK 



1 We thank Prof. E. Bannai for this comment. 
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and for any odd £ (1 ^ £ ^ 2n), there exists an equivariant isometric 
embedding (pi : f\ V — > A0A* given by 

/_]\|W-WnK| + |l| + |K| 

M< J,W,W,I>)= 2 ; nHJh | lD/2 [I,K]®[J,K]*. 

[l,n]-J-IDK 

Remark 4.7. This theorem is crucial for us to consider the invariant 
theory for the group Pin(2n) (0(2n)). The above (f>i is defined as the 

sum -j= (</>/ + + </>7~) f or even £{^ n) and —j= — </>7 + ) f or °dd 

£(j^ n) and <fi n = 0+ + (f)~~ for even n and <p n = — 0~ + for 
odd n. 

Proof. From the above remark, (f>i is S , 0(2n)-equivariant. So in order to 
prove the theorem, it is enough to check that (pi is (u n — i%)-equivariant. 

We note that the action of on V is given by the transposition 

of u n and i%. 

We first prove the case for even n). 

Case 1. n ^ I, J, W. 

Then we have {u n — t%) < J, W, W, I >=< J,W, W, I > and calculate 
(u n — Un)(f>e(< J,W, W, I >). We take cases for n G K and n ^ K in the 
the expansion of <pi{< J,W, W, I >) in Theorem 14.61 

Case 1-1. n G K. 

We put Ki = K — {n}. From the Lemma EH^ the action of (m„-%) is 
given as follows. (We note that in that lemma, the action is described 
only for the base elements with the increasing indices in the brackets.) 



K-?%)[I,K] ® [J,K]* 

(_l)|l| + |K 1 | + |J|+W[ I+Kl ] (g) [j + Kl ]* 



r, „ *)e( J ' K 



I + Ki, {n}J \J + K U {n} 

= (-1)I i W j I[I,K 1 ]®[J,K 1 ]*. 

Here I + Ki denotes the union of the set I and Ki and we have the 
convention that the indices in the set I + Ki are arranged in the in- 
creasing order, e ( J denotes the sign of the permutation 



I + Ki, {n} y 

obtained by arranging I, K into I + Ki, {n} in this order. 
Case 1-2. n £ K. 

We put Ki = K. The action of (u n — Un) is given by 
(u n -Un)[l,K) ® [J,K]* 

= e ^ I Kl ) e ^ I Kl ) (_l)|x|+W-i+W+l"il-i[i + K tj n] ® [J + K t , n]* 

= (-l)l I l+l J l[l,K 1 + {n}]®[j,K 1 + {n}]*. 
Since III + I J| + 2|W| = i, we have (-l)! 1 ^!- 1 ! = 1. 
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So in this case, the equality holds. 

Case 2. n G I. 

Then n £ W, J, K and < J, W, W, T >=< J + {n}, W, W, I — {n} >. 

The image of 4>i is 

M< J + W, w, w, i — {n} >) = J2 aViVuD^ t 1 - {n} ' K] ® [J + {n} ' K] *- 

[l,n]-J-IDK 

We calculate (u n — Un)<j>t{< J,W, W, I >). Then we have 
(u n -Un)[l,K\ <g) [J,K]* 

= e (l - W + K, { n}) e ( J J K K ) (-l)' 1 '-^'^ 1 !! " W + K] ® [J + K, n]* 
= (-l)IWI[l-{n},K]®[J + {n},Kr. 

Here I — {n} + K denotes the set obtained by the set theoretical dif- 
ference and sum and we consider the indices in it are arranged in the 
increasing order. 

So we have the equality. 

The proof for the case n G J is almost the same and we omit it. 
Case 3. n G W. 

Then n £ I, J, K and (u n - u w ) < J, W, W, T >= - < J, W, W, T >. 
The image of <j> t of this element is - E[n]-j-iDK((- 1 ) |W_WnK| / 2(n " |J| " |I|)/2 )[ I > K l® 
[J,K]\ 

We calculate (u n — Un)4>t(< J, W, W, I >). We take cases for n G K 
and n ^ K. 

Case 3.1 n G K. 

We put Ki = K — {n} and the image of the sum over such K's is given 

by EM-H-w^ff-i) 1 ™ 11 - 1 ^*"^ 1 - 111 '/ 2 )!!^] ® [J,^]*. 

Case 3.2 n <£ K. 

We put Ki = K and the image of the sum over such K's is given by 
E W - J -i- {flP K 1 ((- 1 ) MnKl| /2 (,,HJHl|)/2 )[l,K 1 + {n}] ® [J,K, + {n}]*. 

If we note |W - Wl~l K ± | = |W - W n (Ki + {n}) | + 1 mod 2, we have the 
equality. 

Next we prove the case for odd n). 
Case 1. n ^ I, J, W. 

Then (u n - i%) < J, W, W, T >=< J, W, W,T >. 
We calculate (u n — Un)(pe(< J,W, W, I >). 
Case 1.1 n£K. 

We put Ki = K — {n}, the action of (u n — i%) is given by 

(w« " Un) [I, K] ® [J, K]* = (-l^l+W [I, K t ] ® [J, K t ]* = -[I, K t ] ® [J, K^*, 

Since |l| + |J| + 2|W| = £, we have (-1)I I I+I J I = -1. 
Case 1.2 n <£ K. 

We put Ki = K, the action of (u n — i%) is given by 

(«« - K] ® [J, K]* = -[I, Ki + {n}] ® [J, Ki + {n}]*. 
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In both cases the signatures are —1 and the parities of the numbers 
of the elements in K change. Since the signatures in the definition of 
4>t are given by (— l)l w-wnK l+l I M K l in this case, we have the equality. 

Case 2. n G I. 

Then n W, J, K and (w n -%) < J, W, W, T >=< J + {n}, W, W, I — {n} >. 
The image of <pn is 

_ f_i)|w-wnK|+|i|+|K| 

M< J + W, W, W, I — {n} >) = 2^HCTP [i " {n} ' K] ® [J + {n} ' K] *' 

[ti]-J-IDK 

We calculate (u n — Un)4>e(< J,W, W, I >).We have 

(u n -Un)[l, K](g)[j, K]* = (-l^M^I - {n}, K](g)[j + {n}, K]* = -[I - {n}, K](g)[j + {n}, K] 

In this case the parity of I changes and we have the equality. 
The proof for the case n G J is almost the same and we omit it. 
Case 3. n G W. 

Then n £ I, J,K and (u n - i%) < J, W, W, T >= - < J, W,W, T >. 
The image of fa of this element is - E[n]-j-i2K((- 1 ) |W_WnK|+|I|+|K| /2 (n ~ |J|_|I|)/2 )[l, K]<8) 
[J,K]*. 

We calculate (u n — Un)(pi(< J,W, W, I >). We take cases for n G K 
and n ^ K. 

Case 3.1 n G K. 

We put Ki = K — {n} and the image of the sum over such K's is given 

by E N - J -i- { n P K 1 ((-i) |w - wnKl|+|I|+|Kl|+1 /2 ( "- |JHl|)/2 )[i,K 1 ] ® [j, Kl ]*. 

Case 3.2 n <£ K. 

We put Ki = K and the image of the sum over such K's is given by 
E N - J -i- { n P K 1 ((-l) |W - WnKl|+|I|+|Kl|+1 /2 ( "- |JHl|)/2 )[l,K 1 + {n}MJ )Kl + {n}]*. 

If we note |W— WnK ± | H- 1 1| + |Ki| = |W-Wn(Kt + {n})| + |l| + |(K 1 + {n})| 
mod 2, we have the equality. 

In the case of t — n, only the difference from the other is a scalar 

multiple — y= and the above proof goes well in this case. 

The verifications for the other cases are almost similar and we omit 

it. 

□ 

Remark 4.8. As before, if we compare the same weight spaces in both 
sides of the above, we obtain the inverse as follows. 
If | J| + |l| = (mod 2), we have 

[I,K]®[J,K]*= 2(^Hi|)/2 <J ' W '^ T> 

[l,n]-J-I3W 

and if |J| + |l| = 1 (mod 2), we have 

^_ f_i)|K-Knw|+|i|+|K| 
[I,K]®[J,K]*= J2 2 (n-| JH H)/2 <J,W,W,I>. 

[l,n]-J-I3W 
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As for the composition of rg. in Lemma 1.3.131 and <f>£, 0| 1£2 , we have 
the following. 

Lemma 4.9. For so(2n+l) , as a homomorphism from f\ £ V to A A* , 
it holds that <p2n+i-i ° Ti = <j>i- 

For so(2n), as a homomorphism from /\ V to A ei <§Q(A t2 )* , it holds 
that 

Proof. The verification is straightforward. So we omit the proof. 

□ 

Remark 4.10. If we admit Theorem \4-l\ and Theorem \4-J\ from this 
lemma, we obtain the result in Lemma \3.1<% which says that that re is 
an so(N)-equivariant isomorphism. For, <p£ and <$n-i are equivariant 
embedding to the same irreducible component in A (££)(A)* respectively. 
This ri comes from the determinant of SO(N). 

Finally we give the proofs of Theorem 14.11 and 14.41 simultaneously. 

Proof. Since f\ e V (£ ^ n for so(2n)), e+ and e~ are irreducible, in 
order to prove the theorem, it is enough to show that <pe and <p\ lt2 are 
non-zero equivariant homomorphisms. 

First we check the images of the highest weight vectors under the 
map (pe and <p\ ie2 are non-zero. 

For abbreviation (and to avoid some confusion), we use the following 
notation hereafter. 

For 1 ^ k ^ r ^ n, by [k, r], we denote the set {k, k + 1, . . . , r} and 
by [r, k], we denote the set {r, r — 1, . . . , k}. 

For so(2n + 1), the image of the highest weight for i ^ n is <pe(< 
[1, £] >) = J2[i+i,n]DK 2 (n ~ £)/2 [K] ® [J, K]* ^ and for i ^ n, the image of 

the highest weight is <M< [l,n],0', \nJ+T] >) = E[/+i,n]DK 2 (n ~ £)/2 [K]® 
[J,K]* ^ , since W= [£ + l,nj. 
For so(2n), the image of the highest weight for i < n is 

0r 2 (<[M]>)= ^ 2("- £ - 1 )/ 2 [K]® [[14K]V0 

[i+l,n]DK 

and if £ > n, the image of the highest weight is 

4>r\< [l,n],[n,£+l] >) = 2M- 1 )/ 2 (-1)^H k I[K]®[[1 1 4k]V0 ) 

[£+l,n]DK 

since W = [£ + 1, n]. For £ = n, if we put e = (—1)", we have 
K e (< >) = P]8[[l,n]r/0 
07(< [l,n - l],n >) = [n] ® [[1, n - 1]]* + 0. 
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For so(2n) and £ = n, if we define the linear homomorphism <p e ^ en = 
4>+ + © for even £ = n and 0^ en = © 0~ + for odd £ = n, then 

0e?;en j g Q f f orm 

( —1 \|w-wnK| 

C en (<J ) W,W,T>)= £ i_ j L_ [i >K ](8[j > Kr. 

[l,n]-J-IDK 

If the above 0^ en is so(2n)-equivariant isomorphism, then 0^ l£2 are 
so(2n)-equivariant isomorphism. We note that the above (f) e ^ en is of the 
same form to (|4.1llj) . 

For so (AT), from the definitions (|H.12j) and (|H.15jl . we can check easily 
V = L'<f> t and $ ie V = t'(pf €l . 

Therefore to prove the theorem, it is enough to show X^i = 4>eXi 
and Xi(p e e l€2 = (pl ie2 Xi for any i G {1,2, .. . , n}, since X { = —l'Y^l' in 
both spaces f\ V and A(^)A*. Since Xj's and generate the Lie 
algebra so(N), we have the theorems. 

We note that the definitions of <pe, 4>£ ie2 and (f)™ en for the elements 
< J, W, W, I > are the same up to the scalar and the action of Xi and Y{ 
for i = 1,2, . . . ,n — 1 are also same for the exterior products of V and 
A and A*. So if we show X P 4> e (< J,W,W,T >) = <j> t X p {< J,W,W,T >) 
(1 ^ p ^ n — 1) for so(2n + 1), the proof holds for the rest. 

The proof goes by case-by-case verifications. 

Proof of X p (pt(< J, W, W, T >) = (f>iX p (< J, W, W, T >) for 1 ^ p < n 
Case 1. p + 1 G J and p G W. 

Then p, p + 1 ^ I and p ^ J and p + 1 ^ W. We calculate (^Xp. 
Since X p < J,W,W,T > = - < J,W,W - {p} + {p + 1},T > = < 
J - {p + 1} + {p}, W - {p} + {p + l},W-{p} + {p+ 1}, T >, we have 

MX P < j,w,w,T>) 

E — w=^m [i,K]®[j-{p+i} + { P },K]*. 

[l,n]-(J-{p+l}+{p})-IDK 



We take two cases for p + 1 G K and p + 1 ^ K. (We note that p ^ K.) 
Case 1-1. p + lGK. 

We put Ki = K — {p + 1}. Then if we note that the indices in the 
bracket have alternating property, we have [I, K](g>[J — {p + 1} + {p}, K]* = 
-[l,Ki + {p + 1}]®[J,Ki + {p}]*. So the coefficient of [I, Ki + {p + 1}]® 

[J, Ki + {p}]* is (_1)I«-Kinw| / 2 (n-|j|-|l|)/2_ 

Case 1-2. p + 1 <£ K. 

We put Ki = K. The coefficient of [I, Id] <g> [J - {p + 1} + {p}, Ki]* is 
(_l)|w-Kinw| / 2 (n-|J|-]I|)/2_ 
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Next we calculate X p (f)e. 

( _]\|w-wnK| 

X p M< J,W,W,T>) = Yl 2 (n-\J H l\)/2 X p([^] ® [J,K]*). 

[l,n]-J-IDK 

We take two cases for p G K and p K. (We note that p + 1 ^ K since 

P + leJ.) 

Case 1-1'. pGK. 

We put Ki = K - {p}. Then X p ([l, K] <g> [J, K]*) = X p ([l, + {p}] <g> 
[J,Ki + {p}]*) = -[l,Ki + {p + 1}] <g> [J,Ki + {p}]*. The coefficient of 
the base element [I, K A + {p + 1}]<8>[J, Ki + {p}]* is (-l)l«-« nK il / 2 (n-|J|-|i|)/2_ 

Case 1-2'. p ^ K. 

We put Ki = K. Then X p ([l, K](g)[j, K]*) = X p ([l, Ki](g)[Ji + {p + 1}, Ki]*) = 
[I, <g> [Ji + {p}, Kt]*. Here we put Ji = J - {p + 1}. 

The coefficient of [l,Kt] <g> [J t + {p},Ki]* is (_i)|w-vnKi|/ 2 («-|J|-|i|)/2. 

So comparing the corresponding cases, we obtain X p <p£ = (peX p for 
this base element. 

Case 2. p + 1 G J and pel. 

In this case, p,p+l ^ W and we put Ji = J — and Ii = I — {p}. 

ThenXp < Ji + {p + 1}, W, W, lTT{p} >=< Ji + {p},W,W, I t + {p} > 
- < Ji + {p + 1}, W, W, Ii + {p + 1} > and < Ji + {p}, W, W, Ii + {p} >= 
e < Ji, W + {p}, W + {p}, 17 > an d < Ji + {p + 1},W,W,l[ + {p + 1} >= 
e< Ji,W + {p + l},W + {p+l},T7>. 

Here we put e = (-l)#0' eJ i : .?>p}+#{ ieI i :i >rf = (_i)#0'eJiy>p+i}+#{jeii:i>p+i}_ 

Then we have 

f_l)l(w+M)-Kn(w+{ P })| 

Mx P < j,w,w, i >) =6 — [Il ' K] [Jl ' K] * 

[l,n]-Ji-Ii3K 

^_ f_i)l(w+{p+i})-Kn(w+{ P +i})| 

- e E — [ilk]®^,^). 

[l,n]-Ji-Ii5K 

We have four cases here, but if p, p + 1 G K, or if p, p + 1 ^ K, the two 
terms in the right-hand side are canceled out. So we take two cases for 
pGK,p+l^K and p £ K, p + 1 G K. 

Case 2-1. pGK,p + l^K. 

We put Ki = K — {p}. Then the base element of the first term in 
the right-hand side is [ii, K A + {p}] <g> [J u K A + {p}]* = e[li + {p}, Ki] <g> 
[Ji + {p},Ki]* and the coefficient of [ii + {p},Ki] <g> [J t + {p},Ki]* is 
(_ 1 )|w-K 1 nw|^ 2 (n-|Ji|-|ii|)/2_ 

Also the base element of the second term in the right-hand side is 
[Ii + M, Ki]®[Ji + {p}, Ki]* and its coefficient is (_i)|w-Kinw|/ 2 (»-|Jil-|iil)/2. 
So the coefficient are the same and the total coefficient of [Ii + {p}, Ki]® 
[Ji + {p},Ki]* in this case is given by (_i)|w-Kinv|/ 2 (n-2-|Ji|-|ii|)/2 = 

(_l)|W-KinW| ^ 2 (n-|J|-|I|)/2_ 

Case 2-2. p^K,p + lGK. 
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We put Ki = K — {p + 1}. By a similar calculation as above, the total 
coefficient of [Ii + {p + 1}, Ki] <g> [J 1 + {p + 1}, Ki]* in this case is given 

by (_l) 1 +|W-KinW| / 2 (n-|J|-|I|)/2_ 

Next we calculate X p (pi. We have 

-wdk| 
2 (n-|j|-|ii)72 

[l,n]-J-IDK 

(-[Ii + {p + 1},K] ® [Ji + {p + l},K]* + [Ii + {p},K] <g> [Ji + {p},K]*). 



x p <M< j, w, w, i >) = ^ L-|jL-. - x 



Since p, p + 1 ^ K, we put K = Ki and compare the coefficients in 
Case 2-1 and Case 2-2, we obtain X p (f>i = (fieX p for this base element 
< J,W,W,T >. 

Case 3. p + 1 G W and p <£ I, J, W. 

Then p + 1 ^ I and p + 1 ^ J and we put Wi = W — {p + 1}. 

Since X p < J, W, W, I >= e < J + {p},W 1; W^, I + {p + 1} >, we have 

Mx P < j,w,w,T>) 

E 2 V-|! HI |- 2)/2 [i + {p+i},K]8>[j+{p},Kr 

[l,n]-(J+{p})-(I+{p+l})DK 

= 2 E 2 (J| JH i|)/2 [l,K+{p + l}]®[J,K + {p}]*. 

[l,n]-(J+{p})-(I+{p+l})DK 

Here we put e = (-l)#{ieJy>p}+#{iei:i>p+i}_ 

We calculate X p <f>£. Since W = Wi + {p + 1}, we have 
^ f_l)l(Wi+{p+i})-(Wi+{ P +i})nK| 
M< J,W,W,I>)= £ 2 ( wHj | Hl | )/2 [I,K]®[J,K]'. 

[l,n]-J-I3K 

If p, p + 1 G K or if p, p + 1 ^ K, then the action of X p on the above 
element reduces to 0. So we have two cases for p G K,p + 1 ^ K and 
p £ K,p + 1 G K. 

Case 3-1. pGK,p + l^K. 

We put Ki = K — {p}. Then we have 

X p fa{< J,W,W,T>) 

C_l )|(Wi+{p+i})-(w 1 +{p+i})n(K 1 +{p})| 

= E — 2 in-\ A -\,\),2 K A + { P }] ® [J, K, + MD 

[l,n]-J-IDK 

(■_!') |Wi-WinKi| 

= E 2 (nVlH)/2 [l,K 1 + { P +l}]®[J,K 1 + {p}r. 

[l,n]-J-IDK 
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Case 3-2. p^K,p + lGK. 
We put Ki = K - {p+ 1}. 

X p M< J, W, W, I >) = 2 (n-\j\-\l\)/2 K l + {P + 1}]®[J> K l + 

[l,n]— J— IDK 

So by adding the Case 3-1 and Case 3-2, we have X p <p£ = <piX p for 
the base element < J, W, W, I >. 

For so(2n+ 1), we must show that X p (f) e = §tX v (p — 1, 2, . . . , n — 1) 
for the base element < J,W, 0', W, I >, but the proof is almost similar 
as above, so we omit it. 

Next, we show that X n <f)£ = <peX n for 5o(2n + 1). 

Proof of X n (j) l = (p e X n . 

Case 1. n G I. 

We put Ii = I-{n}. ThenX„ < J,W,W,T >= -y/2 < J,W,W,0',T7> 
and we have 



/_ 1 \|K-Knw|+|w|+i 

Mx n < j,w,w,i>)= W=WW M®l^ K V 

[l,n]-J-IiDK 

We take the cases for n G K and n ^ K. 
Case 1-1. n£K. 

We put Ki = K — {n}. Then in the right-hand side, the base element 
is [l u K 1: n}®[j,K u n}* and its coefficient is (_i)|Ki-Kinw|+|¥|/ 2 ("-|J|-|i|)/2. 
Case 1-2. n <£ K. 

We put Ki = K. Then in the right-hand side, the base element is 
[i^Kt] <g> [J,Ki]* and its coefficient is (_i)|Ki-Kinw|+|w|+i/ 2 (n-|J|-|i|)/2. 
Next, we calculate X n (f>£. 

M< j,w,w,t>)= J2 2{n -\j Hl])/ 2 M®M* 

[l,n]-J-IDK 

and since n G I, n ^ J, K. If we write K = Ki, we have 

X„0 £ (< J,W,W,T>) 

C—lMw-wnKil 

= E 2("-iji-i^ (( ~ 1)|KiI+1[Ii> Ki] [Jj Ki] * + [I ' Ki] [Jj Ki ' n] 

[l,n]-J-IDKi 



Here we note that X„[I,K 1 ] = JQl^n,^] = (-l)l Kl IX„[l 1 , K l5 n] = 

(_ 1 )|K 1 | + l [li; 

(_l)|w— WnKi|+|Ki|+l 

So the coefficient of [li,Ki] ® [J, Kj* is equal to — 2(n-|j|-|i|)/2 

, which is equal to that of Case 1-2. Since [I, Ki](g>[J, Ki, n]* = [li,n, Ki]® 
[j,Ki,n]* = (-l) |Kl| [li, K t , n] <g> [J, K^n]*, the coefficient of [li,Ki,n] <g> 
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C _ 1 ) | w— wnKi | + |Ki | 

[J, Ki,nl* is given by — -7 — , , , ... — , which is equal to that of Case 

1-1. So we have done the verification in this case. 

Next we check the equation for the base element < J,W, 0',W, I >. 
(We are still in the Case 1 and assume I 3 n.) 

Since X n < J, W,0',W, I >= V% < J,W,n,W,T >= v^f-l) 1 " 1 < 
J. W + {n}, W + {n}, It >, we have 

Mx n < j,w,o',w,i >) = v^-i) 1 " 1 aViJi-in+i)^ [ii.K]g»[J.K]*- 

[l,n]-J-Ii3K 

We take the cases for n G K and n K. 
Case 1-3. n£K. 

We put K x = K — {n}. Then in the right-hand side, the base element 
is [Ii, Kt, n] <g> [J, K u n]* and its coefficient is (_l)|w-Kinw|+|w| / 2 (n-|j|-|i|)/2_ 
Case 1-4. n ^ K. 

We put Ki = K. Then in the right-hand side, the base element is 
[i^Kt] <g> [J,Ki]* and its coefficient is (_l)|w-Kinw|+|w|+i/ 2 (»-|J|-|i|)/2_ 

Next we calculate X n (f)£. Since n G I, n ^ J,K, we write K = K x and 
we have 

X„0 £ (< J,W, 0',W,T>) 

= X ™ E 2 (nVlH)/ 2 
[l,n]-J-I3K 

. f_-n|Ki-Kinw| 
= E ^(n-iJi-iiD/a ((- 1 )' Kll+1 [ I i. K i] ® + Mi] ® [J.Ki.n]*). 

[l,n]-J-IDKi 

So the coefficient of [1^ Ki]<g>[J, K x ]* is equal to (_i)|Ki-wnK 1 |+|K 1 |+i/ 2 (n-|j|-|i|)/ 2) 
which is equal to that of Case 1-4. 

As before, [I, Kt]<g)[J, K 1; n]* = n, K^fJ, K t , n]* = K 1; n](g) 

[J, Ki, n]*, the coefficient of [1^ K 1; n]<g>[J, K 1; n]* is given by (-i^i-wnfcl+lKii^n-lJl- 
which is equal to that of Case 1-3. 

Case 2. n G W. 

Then n ^ I and n ^ J and we put Wi = W — {n}. 
We calculate 0£X n . Since X n < J,Wi + {n}, {n} + W,T >= —y/2 < 
J,Wi + {n}, 0', Wi, T >= (-l)^y/2 < J + {n},W 1 ,0',W7,T>, we have 

C_ 1 )|K-Knw 1 |+|w| 

MXn < J,W,W, I >) = 2 Yl 2{ n-\M-\I\)/2 M ® [Jl,K]*. 

[l,n]-Ji-I3K 



Here we put Ji = J + {n}. Since n G Ji, n ^ K and we put Ki = K. 
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Then in the right-hand side, the base element is [I, Ki] ® [Ji,Ki]* = 
[l,Ki] ® [J+ {n},^]* = (-l)l K il[l,Ki] (g) [J,Ki + {n}]* and the coeffi- 
cient Of [I, Id] ® [j,Ki + {n}]* is (-l)l K i- K i™ 1 | + |W| + |K 1 |/ 2 (r i -2-|j|-|l|)/2 = 
(_l)|w-Kinw| ^2(n-2-|J|-|l|)/2_ 

We calculate X n (f>£. Since 

-1) l w—wnK l 

2(n-|J|-|l|)/2l 
[l,n]-J-IDK 

and n e I, n ^ J, we take two cases for n G K and n ^ K. 
Case 2-1. n£K, 
We put Ki = K — {n} and we have 

/_^\|w-wnK| 

X n &(< j,w,w,T>) = 2 ^ = ™^ ( ~ [ll ' Kl] ® [J ' Kl + {n}] * ) - 

[l,ra]-J-IDK 

So the coefficient of the base element Ki]®[J, K ± + {n}]* is — ( — i) |w— wok| i 2 {n-\j\-\i\)/2 

(_l)|W-WHKi| / 2 (n-|J[-|I|)/2_ 

Case 2-2. n £ K. 

We put Ki = K and we have 

^_ f_iMw-wnKi| 
X n <f> e (< J, W, W, I >) = l ( J lJHll)/2 ([li, Ki] ® [J, Ki + {n}]*). 

[l,n]-J— i^Ki 

So the coefficient of the base element [1^ Ki]®[J, Ki + {n}]* is (-l)l w - wnK il/2("H J Hi|)/2. 
By adding the results of Case 2-1 and Case 2-2, we have 4>eX n = X n (j)£ 
in this case. 

There are several remaining cases, in which we must show <peX n = 
X n <f)£, but the proof is almost similar, so we omit it. 

We must show that <pf e2 X n = X n e e lt2 and ^ en X n = X n <p™ en , but 
the proofs go in a similar way by (lengthy) case-by-case verifications 
and so we omit it. 

□ 

5. Invariant theory and the centralizer algebras 

In this section we define a set of elements based on the invariant the- 
ory in the centralizer algebra CPk = Honip£„(jv) ( A <S> k V, A <S) k V). 
They are parameterized by the generalized Brauer diagrams. In the 
classical situation for the orthogonal group O(N), R. Brauer ([3 ) con- 
sidered the centralizer algebra Homo(jv)(® fc V, (£) k V) and he deter- 
mined the special basis (parameterized by the Brauer diagrams) and 
the multiplication rules of the basis elements by using the first and the 
second fundamental theorem of the invariant theory of O(N). 

Since we have already the explicit isomorphisms between the exterior 
algebras /\ l V and the irreducible components of A (^) A* as Pin(N) 
(O(N)) modules in the previous section, we can follow the above way. 
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More generally, we define the spaces of the equivariant homomor- 
phisms. 

Definition 5.1. 

CPf = Rom Pm(N) ( A® <g) V, A <g) V) . 

and 

CS* = Hom Spin(JV) (A® (g) V, A(g) (g) V). 
We write CPk and CSk for CP^ and CP{^ respectively. 

Remark 5.2. We note that for Pin(2n + 1) , A stands for A±, so there 
are four cases for CPf. (But two of them are trivial. See Lemma \5.4\ ) 
For Spin(2n), we can change A into A^ 1 in the above and so there are 
also four cases for CSf. 

We note that from the formulas flOU, (EH), for e l ,e 2 G {±1}, 
the irreducible representation (1/2 + 8) £pj n ( 2n ) of Spin(2n) occurs in 

A e2 (g) <S) k V if and only if (-l) fc H 5 l = €l e 2 . 

So we have Hom 5piri(2n) ( A ei (g) (g) fe V, A e2 (g) (g) 1 V) = if ei e 2 ± 
(_l)(*-0. 

We interpret them as the elements of the invariant subspace of the 
tensor spaces under the action of Pin(N). 

From Theorem 14.31 and Theorem 14.61 and V = V* , we have the 
following lemma. 

Lemma 5.3. For Pin(2n), we have 
01) 

hi i k-\-l 

Hom Pin(2n) (A (g) <g) V, A <g) <g) F) 0£ O ((A V) (g) y)° (2n) . 

For Pin(2n + 1), we /iave 
((0 2) 

fc £ n 2i fc+i 

Hom Pm(2n+1) (A ± (g) (g) V, A ± (g) (g) = ©((A V) (g) (g) y)° (2n+1) - 
and 

Hom Pm(2n+1) (A ± (g) (g) V, A T (g) (g) VO = ©IL (( A V) (g) (g) \/)° (2 " +1) . 

i/ere t/ie superscript 0(N) denotes the subspace obtained by taking 
the 0(N) -invariants. 

First let us recall the first main theorem and the second main the- 
orem for the polynomial invariants under the action of the orthogonal 
groups. 

Let V = K be a vector space over a field K of characteristic 
and let P(© fc V) be the polynomial ring over the vector space © fc V . 
Let ( , ) be a non-degenerate symmetric bilinear form which defines 
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the orthogonal group O(N). Then 'The First Main Theorem' (see j2l] 
p53 Theorem 2.9A, p64 Theorem 2.11A.) tells us that the polynomial 
invariants -P(© fe V)°^ are generated by the scalar products (vj, Vj) 
(1 ^ i,j ^ k), where Vj denotes the vector in the i-th direct summand 
in V. 'The Second Main Theorem' (see [21] p75 Theorem 2.17A 
.) tells us that the relations of the polynomial invariants (vj,Vj)'s in 
-P(© fe V) 0( - N ^ are generated by the determinants det((v is , v^)) (0 ^ 
s, £ ^ N) of size N + 1. We note that the minimum (total) degree of 
the relations is 2N + 2. 

We consider the invariant tensors (f\ r V* (g) s V*)°( N \ This space is 
included in the tensor space ((g) r+,s V*) ^ and we regard this space as 
the subspace of P(($ T+S V)°( N \ The elements in this space are multi- 
linear (i.e., degree 1) in each of the tensor components and alternating 
concerning the first r components. Since the invariants are generated 
by the scalar products of degree 2, the multi-linear property tells us 
that ((g) r+s V*)°W = o if r + s = 1 mod 2. 

So we have the following. 

Lemma 5.4. If (— l) k+l eie 2 = — 1, then 

k I 

CPf = Hom Fin(2n+1) (A ei (g) V, A e2 (g) (g) V) = 0. 

Remark 5.5. From the above lemma, we only consider the case (— l) k+l eie 2 = 
1 for the centralizer algebras of Pin(2n + 1). If we write simply A in 
the formulas for Pin(2n + 1), we always assume this condition without 
mentioning it. 

We can write down the elements in (/\ r V* (g) s V*) ^ as follows. If 
s < r, (g) s V does not contain the representations f\ r V, so this space 
must be 0. 

Let s ^ r. For the subsets t = {£1,^2, • • • ,t r } (£1 < £2 < • • • < £r 

S — T 

and r ^ AT) of [1, s] and the sets of u = — - — pairs of indices {m, 1} = 

{{mi, Zi}, {m2, ^2}, • • • , {mm lu}} such that [1, s] = t U m U 1 (disjoint 
unions), where we put m = {m 1 , . . . , m u } and 1 = {li, . . . , l u }.), we 
define the invariant elements T t r m n by 

1 " 
T t ,{m,i} = — det((xj,y ti )) x JJ(y mj ,y/ 3 ). 

r ' 3=1 

Here Xj (j = l,2...,r) are the components of the first r tensors 
in (g) r+s V and (j = 1, 2 . . . , s) are the components of the latter s 
tensors in (g) r s V. 

Moreover — det((xj, y tj )) is the invariant element in ((/\ r V)* 0(A r V)*) 0( - N \ 
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Since /\ r V is an irreducible O(N) module, the trivial representation 
occurs in (f\ r V)* /\ r V with multiplicity one. The invariant element 
is given by 

3 r = ^2 < J,W,W,T >*<g> < J,W,W, T > 

[l,ra]DJUIUW (disjoint sets) 
|J|+]I|+2|W]=r 

(+ ^2 < J,W, 0',W,T >*(g) < J,W,0',W,T >). 

[l,n]DJUIUW (disjoint sets) 
|J|+|l|+2|W|=r— 1 



Here the second term in the parentheses are considered only for 
0(2n + 1). 

So — det((xj, y t .)) must be a scalar multiple of (id£g>t)(3 r ) (see Def- 

T! J 

inition lH.111 ) and the scalar is given by (— 1)( 2 ). (To obtain the scalar, 
take cases of the parity of r and compare the values of both sides at 
the special elements x x = ui, x 2 = u 2 , etc..) 

Lemma 5.6. For Pin(2n), if we take only t's such that |t| = k + I 
mod 2 and |t| ^ In, then the above T tj { mi i} 's span linearly the whole 
space of the CPf = Hom Pin(2n) (A (g (g) fc V, A (g (g' V). 

Moreover if k + I < 2n + 2, T t { m i} ( t U m U 1 = [1, s] ) are linearly 
independent. 

For Pin(2n + 1), if we take only t's such that |t| ^ 2n + 1 and 
|t| = k+l = mod 2, then the above T ti { mi i} 's span linearly the whole 
space of the CPf = Hom Pin(2n+1) (A ± (g) (g) fc V, A± (g) (g)' V). 

For Pin(2n + 1), we ta&e on/?/ t's swcn tnat |t| ^ 2n + 1 and 
|t| = k + l = 1 mod 2, taen iae above T t { m i} 's span linearly the whole 
space of the CPf = Hom Pin(2n+1) (A± (g (g) fe V, A T (g) (g) V) . 

In aota cases, if k + I < 2n + 3, T t { m i} (t U m U 1 = [1, s]) are 
linearly independent. 

Proof. The statements follow from the argument developed above and 
the Second Main Theorem. □ 

From Lemma 15 .3\ we consider this invariant element T tj { m) i} as a 
homomorphism from A (g (g fc V to A (g (g ; V\ 

By the original definition, T tj { mi i} are the elements in (/\ r V*) (g (g fc V* (g (g/ V* 
for r = k + I mod 2. We denote the degree 2 tensor corresponding to 
the invariant symmetric bilinear form defined by S on V x V by idy. 

Then as the homomorphism in Hom Pin (jv)(A (g (g) fe V, A (g (g' V), 
Tt,{ m ,i} is given as follows. 
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The pair (y TO ., y$ .) with rrij, lj ^ corresponds to the contraction of 
the specified tensor components (i.e., m^-th and lj-th components) in 
A (g V ■ We denote this contraction by C{ mjjlj }. 

The pair (y m . , y^.) with rrij, lj > k corresponds to the insertion of the 
invariant tensor (idy) into the specified tensor components (i.e., rrij — k- 
th and lj — k-th components) in A (g (g V. We denote this insertion 
by idy m ._ kl ._ k . (We introduce the numbering such that the first k 
tensors correspond to the domain and the last I tensors correspond to 
the range in Hom Hn(jV) (A (g) (g fc V, A (g) (g)' V).) 

The pair (y m .,yj.) with rrij ^ k and lj > k (resp. with lj < & and 
mj > fc) corresponds to the map which transfers the rrij-ih (resp. lj- 
th ) component of the domain tensor A (g (g) fc V into lj — k-th (resp. 
rrij — k-th ) component of the image tensor A (g) 0)' V ■ Namely this 
corresponds to the partial permutation of the tensor components. 

The above three operators are the same in the usual Brauer central- 
izer algebras. For the remaining part det((xj,y t )) (1 ^ i,j ^ r) in 
Tt,{ m ,i}) w e will give the explicit description as the homomorphism.(See 
Theorem 17.11 ) 

Let us use a diagrammatic parametrization of the elements {T t) { mj i}} 
of Hompj n(A r)(A (g) V, A (g) (g/ V) as follows. We consider the di- 
agrams of two lines vertices, with k vertices in the upper row and I 
vertices in the lower row, in which vertices are connected with each 
other as in the usual Brauer diagrams except for admitting isolated 
vertices. Namely they are graphs with no loops, in which the number 
of edges connected to each vertex is either or 1. 

We call such diagrams the generalized Brauer diagrams and denote 
the set of the generalized Brauer diagrams by GBj . (Later we use 
another parametrization using the same diagrams GB^ from the rep- 
resentation theoretical viewpoint.) 

The explicit bijection is given as follows. Let us number the vertices 
from 1 to A; from left to right in the upper row and from 1 to I in the 
lower row. 

1 2 _ 3 4 5 6 




1 2 3 4^^5 

Figure 2. An example of the generalized Brauer dia- 
grams with k = 6 and / = 5 

We correspond each of T t ,{ m ,i} to a generalized Brauer diagram as 
follows. We consider the tensor components in the range A(g)(gV 
are indexed by k + l,k + 2, ...,k + l in this argument. For the vertices 
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with indices in t, we leave them the isolated vertices and for the other 
vertices ( namely the vertices with indices in 1 and m ), we connect 
lj-th vertex and m^-th vertex. Except for the isolated vertices, the 
edges in the diagrams convey the same meaning as in the usual Brauer 
diagrams. 

So we obtain the bijective correspondence between the elements 
{T t ,{ m ,i}} of CP} 4 and the diagrams with the isolated vertices of at 
most N in GBf. 

From the formula $TW% in Theorem El and (gHHD and (PB in 
Theorem 12 .2\ the multiplicity of [A, \]pi n (N) in A (^) (£) k V is equal to 
the number of the 'up-down-stable (n-) tableaux' of degree k start- 
ing with the empty set and ending with the Young diagram A and 
consisting of the diagrams with their lengths at most n. We show an 
example of up-down-stable tableaux. 



Figure 3. An example of 'up- down-stable tableaux' of 
A = (2, 2) and k = 8 

Namely by definition, the 'up- down-stable (n-)tableaux' of degree 
k are the k + 1 sequences of Young diagrams, in which the adjacent 
diagrams are obtained by attaching a cell to or removing a cell from the 
previous one or are the same (if its length is less than n for iV = 2n). 

So figure El is not an 'up- down-stable 2-tableau' for Pm(4) because 
there exist adjacent diagrams which are the same and its length is 2. 

Since CPk and Pin(N) are the dual pair on the space A <S> k V i 
the irreducible representations of CPk are in bijective correspondence 
with the irreducible representations of Pin(N) on this space. 

So we can expect the base of the irreducible representation A of CPk 
(corresponding to [A, \]pi n (N)) are parameterized by the 'up-down- 
stable (n-) tableaux' of degree k, starting with and ending with A 
and consisting of the diagrams with their lengths at most n. 

From the above, the number of the 'up- down-stable (n-) tableaux' of 
degree 2k + 1, starting and ending with and consisting of the diagrams 
with their lengths at most n, is equal to the dimension CPk- (We note 
that dim CPk also depends on n if n ^ k.) 

It seems to be interesting problem to determine the explicit action 
of CPk on the 'up- down-stable n-tableaux' base. 

We can identify the elements in GB^ with the involutions in the 
symmetric group of degree 2k. So we can expect a bijective correspon- 
dence between the 'up-down-stable tableaux' of degree 2k + 1 defined 
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above and the involutions in &2k- The author heard from I. Terada that 
Tom Roby privately communicated to him that the method used in his 
Thesis [TH] also gives such a bijection. Namely the pictorial rules of 
the Robinson-Schensted correspondence initiated by Sergey Fomin 
give a bijective correspondence between the 'up-down-stable tableaux' 
of degree k and the involutions in 

Finally we give the dimension of CPk. 

Lemma 5.7. If k ^n, we have 

dim CP k = (2*-l)!!+ (^f) (2*-3)H+ ( 2 *) (2*-5)H+. . .+ 2 ) (1)!!+ (I 

where (2Jfe - 1)!! = UiZo( 2k - 1 - 2i). 

6. Representation Theoretic parametrization 

In this section we first give explicit formulas for the projection from 
A /\ k V to A and the injection from A to A ® /\ h V to A. 

Then we give another kind of parametrization of the elements in 

CP} 51 by the generalized Brauer diagrams, using the above operators. 

k 

From TheoremOand Theorem^ we have A (g) /\ k V = £ [A, (P)]s P m(v) 

i=0 

for any k ^ n. 

For Pin(2n), the representations [A, (l l )]p in ( 2n ) are determined by 
their characters and the above decomposition literally holds for Pin(2n). 
But for Pm(2n+1), if we consider the action of the center z, we have the 

k 

following. For e l G {±1}, A ei (g)/\ k V= £[A, (P) Wn+i),e 2 , where 

i=0 

We note that the above decomposition is multiplicity free. So the 
Pm(iV)-equivariant projection from A (g) f\ k V to A and the Pin(N)- 
equivariant embedding from A to A (g f\ V are determined uniquely 
up to scalars. We write down those maps explicitly. 

k 

The Pin (iV)-equivariant projection in Hompj n (Ar)(A (g) /\ V, A) (= 

k 

(A* (g) A 0(A V^)*)) Pin(iV) ) is given by the image of the following ele- 
ment under the map 0^ ® id. (See Theorem 14.31 and 14.61 ) 



< J, W, W, I > (g)< J, W, W, I >" 



[l,n]DJUIUW (disjoint sets) 
|j|+]I|+2|W]=fc 



(+ Y < J,W, 0',W, I >®< J,W, 0',W, I >*). 



[l,n]DJUIUW (disjoint sets) 
J| + |l|+2|W|=fc-l 
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For convenience sake, we multiply 2 71 / 2 to the above and denote the 
corresponding homomorphism by pr fc . We note that for Pin(2n + 1) 

k 

and odd k, pr fe is the projection from A ± (8) f\V to A T . 
Definition 6.1. For Pin(2n + 1), the projection pr fc is given by 

'o */i£t, 

pr fc ([T]« < I, W, W, J >) = { /t . ( _ 1)|w _ wnKl2(|I|+|J|)/2[j;K] iflQTj 



I, K 



and 



'0 i/I^T ; 
pr fc ([T]® < I, W, 0', W, J >) ={^T J ( _ 1)|K _ wnK|2(|I|+|J|)/2[j;K] . /: g T 

i/ere we put K = T— I and e ( I denotes the sign of the permutation 



J, K , 

obtained by arranging T mto I, K m i/iis order. 

For Pin{2n), the projection pr fc is groen as follows. If k is even, we 
define 

'o */i£t, 

pr fc ([T]® < I, W, W, J >) = < £ / T . ^^iw-wn^dxi+laDA^K] if I CT. 



I, K 



//A; zs odd, we define 



'0 »/I^T, 
pr fe ([T]® < I, W, W, J >) = { e /t \ ( _ 1)n ,^ nK | +W+ |j| 2 (|i[+|J|)/2 [j( jq ,jjct, 

Similarly we have dim(Homp in (7v)(A( ei ), A( £2 ) (^) /\ fc F)) = 1. (If 
iV = 2n, ignore the subscripts (ei) and (62) of A. The subscripts (ei) 
and (€2) of A are only considered for the case N — 2n + 1. From now 
on, we assume this convention. Here we also assume that — ( — 
is satisfied for N = 2n + 1 . ) 

Hom Pm(7V) (A (ei) , A (£2) ®f\V) = (A* ei) $ A (£2) ® A VT m(A ° 

and the corresponding invariant element is given by 3k (ref. (|5.1|) ). 
So as in the case of pr fc , we obtain the corresponding homomorphism 
inj fe (after a scalar multiplication by 2 W//2 ) as follows. We note that for 

k 

Pin(2n + 1) and odd k, inj fc is the immersion of A± into A T (8) A V. 
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Definition 6.2. For Pin(2n + 1), the immersion inj k is given by 



inj fe ([T]) = 

S e (l K ) ( S (_ 1 )|w-wnK| 2 (| J |+| I |)/ 2[j;K] ^ A:! < J, W, W,T > 

TDI ^ ' ' JC([l,ra]-T) 
K=T-I WC([l,n]-I-J) 
|J|+|I|+2|W|=fc 

+ (-l) |K - WnK| 2 (|J|+|I|)/2 [J,K]0 k\ < J,W,0',W,T>). 

JC([l,n]-T) 
WC([l,n]-I-J) 
|J|+|I|+2|W|+l=fc 

For Pin{2n), the immersion inj fc is given as follows. For even k, we 
define 

inj fe ([T]) = 

E e (i K ) ( E (-l) |W ~ WnK| 2 (|J|+|I|)/2 [J,K]®A;!< J,W,W,T>) 

TDI ^ ' ' JC([l,n]-T) 
K=T-I WC([l,n]-I-J) 
|j| + |l|+2|W|=fc 



For odd fc, we define 

tai*([T]) = 



E 

K=T-I 



J- ( _ 1) |w-wnK|+UH-|K| 2 (|j|+| I |)/ 2[j)K j ^ < J>Wj w,T>). 



JC([l,n]-T) 
WC([l,n]-I-J) 
|j| + |l|+2|W|=fc 



Using the above projection pr p , we introduce a Pin (iV)-equivariant 
homomorphism pr T from A (ei) (g) V to A (e2 ) ® fc ~ p V as follows. 
(If TV = 2n + 1, we assume e2 = (— l) p ei is satisfied.) 

Let T = {ti, t 2 ■ ■ ■ , t p } (ti < t 2 < . . . < t p ) be a subset of [1, k] and 
denote the positions in the tensor product (^) V. 

First we prepare a general notation. 

Definition 6.3. Let Alt T be the alternating operator of the tensor com- 
ponents of (£) k V whose positions are in T. Namely 

Alt T (v 1 <g> v 2 <S> ■ ■ • <8> v k ) = 

1 X 

- ® • • ■ ^ CT -i (1) ® • • • ® *Vi (2) ® • • • ® v tff _ 1(p) <E> • • • ® v k - 

Then Alt T acts naturally on A (^) <S) k V and we consider the operator 
Alt T itself has the alternating property with the indices in T. 
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Definition 6.4. pr T : A (ei) (g) (g) fc V — ► A (ea) 0(g) A P V is defined 
by the composition o/Alt T and pr p; namely pr T = pr p oAlt T . i/ere pr p 

acts on the alternating tensors of the position T in A (§) (g) fe V. 

From the definition, pr T is the element in Hompj n ( A r)(A( (E1 ) (g) fe ^ A(e a ) (g) fc P ^0 
and has the alternating property with the indices in T. 

Next we define the element inj T in Homp in (7v) (A( ei ) (g) (g) fc p V, A( ea j (g) (£) k V) 
as follows. 

Definition 6.5. inj T : A (ei) (g) (g) fc_p 1/ — ► A (ea) (g) (g) fe V is defined by 
the composition of inj p : A — ► A (g) /\ p V and the linear immersion of 
the alternating tensor to the positions indexed by T. Namely the image 
of this linear immersion of the exterior product < J, W, W, I > with the 
{ordered) index set T is the tensor obtained by inserting the first com- 
ponent of this alternating tensor in the t\-th position of A (g) (g) ~ p V 
and inserting the second component in the t^-th position of the resulting 
tensor in A (g) (g) fc ~ p+1 V and so on. We write this linear immersion 
by the exterior bracket with the subscript T e.g., < J, W, W, I > T . 

From the definition, inj T has also the alternating property with the 
indices in T. 

So we define another parametrization of the elements in CPf by the 
generalized Brauer diagrams GB^. 

To a given generalized Brauer diagram, let us denote the indices of 
the isolated vertices in the upper row by T u and in the lower row by 
TV We correspond the following Pin(N)- equivariant homomorphism 
to it. 

To the isolated vertices in the upper row, we correspond pr Tu and the 
rest is determined by the same rule as in the usual Brauer diagrams. 
To the isolated vertices in the lower row, we correspond inj Tf and the 
rest is determined by the same rule as in the usual Brauer diagrams. 

We call this parametrization the representation theoretical parametriza- 
tion by the generalized Brauer diagrams and to distinguish the invari- 
ant theoretical ones, we add the subscript rt for the representation the- 
oretical ones and the subscript inv for the invariant theoretical ones 
to the generalized Brauer diagrams. At this moment, we have not yet 
known that these representation theoretical operators span the whole 
space of the centralizer spaces linearly. If k ^ n and I ^ n, we show 
this in the section namely they become linearly independent and a 
base of CP}'. 

7. Description of the invariant theoretical equivariant 

homomorphisms 

In this section, we give the description of the invariant theoret- 
ical equivariant homomorphisms. First in the invariant theoretical 
parametrization, we interpret the invariant element 3 r (ref. (j5.1)) ) 
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corresponding to the isolated vertices in a generalized Brauer dia- 
gram as the equivariant homomorphism. The corresponding element 
in A (ei) <g> A* ea) <g) A r V is given by ((0 r o t) <g> id)(3 r ). (If N = 2n + 1, 
we assume e 2 = (— l) r ei is satisfied.) 

Let us recall that the index set t which parameterizes T t) { mi i} corre- 
sponds to the isolated vertices in the generalized Brauer diagrams. (We 
note that we numbered the vertices from 1 to k + I when we defined 
T t ,{m,i} •) We put l u = t n [1, k] and define 1> = {s 1 ,s 2 , . . . , s q } C [1, /] 
by {k + si, k + s 2 , ■ ■ ■ , k + s p } = t D [k + 1, k + I]. We put p = \T U \ 
and q = |T^| and then p + q = r. We consider the homomorphism 
caused by the isolated vertices in T t { m i} and for convenience sake, 
we multiply 2 n//2 to it and we denote the resulting homomorphism by 
When we need not to show the index set explicitly, we just write 
ip P . As a homomorphism from A (g) (g) p V to A (g) (g) 9 V (here we pick 

up only the T u -th components in the upper row A (g) (g) V and T r th 
components in the lower row A (g) V), ifif is the composition of 
three homomorphisms, namely Alt Tu : A (g) p V — > A (g) f\ p V and 
the homomorphism caused by the 3 r from A (g) /\ p V to A (g) /\ 9 V and 
finally the linear immersion of the exterior products of degree q to the 
prescribed positions in the tensor products. We note that in the space 
A^^^A'^i t\V (r = p + q) occurs exactly once for any r ^ N. 

We divide the exterior product f\ r V occurring in 3 r into the first 
p tensor product and the remaining q tensor product. We also con- 
sider ipj^ has the alternating property both in the superscripts and the 
subscripts respectively. 

Direct computation tells us that the equivariant homomorphism ip P 
is given as follows. 

Theorem 7.1. For Pin(2n + 1), the homomorphism ip P is given as 
follows. 



^([T]<g>< I,S 2 ,S2~,J>) = (_i)Eti|s i -s i nK| 2 (u+j 1 +i 2 +j 2 )/2^_ 1 y- 2S1 + S3 j2+ S 3+u9 

*2+j2+si+S3+2s 4 =q 

xe (i u i 2 , k) 6 ^, s 3 ) e (^, jt) [Jl ' J2,K] 0q] < J 2,S3,s 4 ,s;,sT,i;> 

_|_ (_^yK-Kn(u| =1 S i )|2(n+jl+j2+j2)/2^_^y- 2 (si+S3)+S2+ii? 
«2+i2+si+S3+2s4=g-l 

xe (ii, i 2 k) 6 ^, s 3 ) e (sT, 37) [ Jl ' Js ' K ] < J 2,s 3 ,s 4 ,o', s7,s7,i^> . 

In £ne above , the sums run over all the I 1 ( I ± C T D I ) and 
Ji ( Ji C ([l,n] - T) n J ) and I 2 (l 2 C T - (T n (I U S 2 U J))) 
and J 2 (J 2 C ([l,n] - T) - (([l,n] - T) n (I U S 2 U J))) and S 4 (S 4 C 
[1, n] — I — J — S 2 — J 2 — I 2 ) . PFe also put I — Ii = S 3 and J — Ji = Si 
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and T — Ii — I2 = K and we denote the sizes of the sets by their small 
letters. As before, we assume that the indices in the sets I, J and the 
rest are in the increasing order. 

For the element < I, S2, 0', S2, J >, we have 

^([T]® < I,S 2 ,0',S^,J>) = 

^_j_yK-Kn(U| =1 Si)|2(ti+ii+i2+i2)/2^_jJja(si+a 3 +l)+«4+iig x 

i2+h+si+S3+2s4=q 

(I, i 2 , k) € (1, s 3 ) e (s7, Ji) [Ji> J2, k] ® a! < j 2 , s 3 , s 4 , S4, Si, T 

and the notations are the same as above. 

For Pin{2n), the homomorphism ip? is given as follows. 
For even r = p + q, we have 

<([T]® < I,S 2 ,ST,J>) = 

^_l^T,i=i \Si-S x riK\2{il+ji+i2+j2)/2 ^_^y 2 s 1 +s 3 j2+s 3 +i 1 q x 

i2+J2+si+S3+2S4=g 

c (il i 2 , k) € (1, s 3 ) e (s7, ^)[^^K]®g!<J 2 ,s 3 ,s 4 ,s;,sT,T 

and £/ie notations are the same as above. 
For odd r = p + q, we have 



<([T]® < I,S 2 ,S 2 ,J>) = 

(-l)^^ 1 i s »- s ' nK i+i j ii+i j 2i+i K i2( ii+ -'' i+i2+ -? 2 )/ 2 (-i)J 2si " 

«2+i2+Sl+S3+2s4=lJ 



-S3J2+S3+H? X 



e [l, i 2 , k) e (i 1 ,, s 3 ) e (sT, ^]l^^Kj®g!<J 2 ,S3,s 4 ,s 4 , Sl ,i 

and £/ie notations are the same as above. 

For any a G and r G (5;, we have r o o a = ^ T ( T< ) • So 

it is enough to give the explicit description for ^[J'^ in terms of the 
representation theoretical operators. 

Theorem 7.2. Lei p ^ n and q ^ n. 

T/ien we /iai>e 
Pi) 

/r([l,i])A 

i=o aee q vi y y 

ree p 

#ere e(i) = (-1)(p-0(«-*) / or Pm(2n + 1) and e(i) = 1 /or Pin(2n) 
( < z < minfo. ol V 



CENTRALIZER ALGEBRAS FOR SPINOR GROUPS 



47 



Also we have 
(JH2) 



, t([1,±]) 

min(p,,) ^M[i+l, P ])} ' 

^V([i + l,q])} „ V^li 1 ' 1 ^ 



i=o CT ee„ w 



#ere e(i) = (-1)^ for Pin{2n + 1) and e(i) = (-1)* /or Pin(2n) 
(O^i^ min(p, g) ). 

We denote er([i + 1, q]) = {<x(i + l),er(i + 2), . . . ,cr(q)} andr([i + l,p]) 

{r(i + 1), r(i + 2), . . . , r(p)} and f^-Qi' i])^ stands for the partial 

permutation of the tensor components obtained by sending the r(l)- 
£/i component in (g) p m tae upper row to the o~(l)-th component 
in A0 ^ 9 V in the lower row and so on. 

So if k ^ n and I ^ n, the generalized Brauer diagrams under the rep- 
resentation theoretical parametrization also span the whole space CPf 
and become a linear base o/CPf. 

Remark 7.3. The right-hand side of (|7.2U|) can be considered as 
the composition of the homomorphisms in this order, but the formula 
(|7.2I2J) cannot. So we put <g> in the right-hand side to show that each 
summand becomes a homomorphism as a whole. 

Proof. Both sides of the formula (J7.2I1)) are the homomorphisms from 
A (g) (g) p V to A (g) 9 V and moreover both of them are the composi- 
tions of the alternating operators Alt[i )P i and the homomorphisms from 
A A P V to A ® A 9 V and the linear immersion from f\ q V to (g) 9 V. 

As we noted before, we have dim B.om Pin ^ (A( ei ) ® /\ P V, A( ea ) <S> /\ 9 V) - 
min(p, q) + 1. Here we assume that = (— l) p+q for Pin(2n + 1). 
(ref. Lemma f5 .41 ) 

On the way to proving the formula (j7.2llj) . we show that the terms 
occurring in the right-hand side of the formula are linearly independent. 

The proof goes as follows. 

For ^ i ^ min(p, g), let us put 

i,[l,p] _ / n ^^ in -jM[i+l,q])} WtM])/ P r {r([i+l,p])} 

*M- 2^ WW ( q _i)\ $ (p_<)! • 

free, ; \f > 

T€<5p 

We find a sequence of pairs of elements {x,, yA- (here i, 6 A0 (g) p V, 
?/j G (g) 9 I 7 and ^ « ^ min(p, g)) satisfying the following condi- 
tion. 

For Pin(2n + 1), the coefficients of yi in the image ^[^(a^) is if 
j i and non-zero if j = i. 
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For Pin(2n), the coefficients of y^i hi the image ^[^(a^i) is if 
j 7^ 2i and non-zero if j = 2i and the coefficients of 2/ 2 t+i hi the image 
3 4> L' 1 {x2i+i) is if j 7^ 2z, 2z + 1 and non-zero if j = 2i, 2% + 1. 

If we find such a sequence, V'n'^'s (0 ^ i ^ min(p, g)) are linearly in- 
dependent and span the intertwining space Hompj ri (j V )(A( £1 ) <^> /\ p V, A( £2 ) (^) /\ 9 V). 

We put 

min(p,q) 

^[lp] _ v d- % [1 ' v] 

%q] ~ 2^ a% ^[l,q] 
i=0 

and give the above sequence {xi,^} and apply both sides to the ele- 
ments Xi and compare the coefficients of yi. Then we determine the 
coefficients di inductively. 

We first prove the formula (|7.2U|) for Pin(2n + 1). 

For abbreviation, we write i 2 , . . . , i r } for the tensor product of 

the base elements u ix ® u i2 ® . . . ® u ir and denote ®{k, k + 1, . . . , k + r} 
by <g>{[k, k + r]} and ®{k + r,k + r- l,...,k} by ®{[k + r,k]} and 
we use the juxtaposition of the above notations. 

We take cases for the parities of p and q. 

Case 1 p = 2r and q = 2s 

We note r + s ^ n. 

Case 1-0. The determination of do- 

We take y = [0]®{[r + 1, r + s], [r + s, r + 1]}, x = [0]<8>{[1, r], [r, 1]}. 

To calculate the image of t/'n'j (^o), we put S2 = {[1, r]} and T = J = 
1 = 0. So Ii = Ji = I 2 = S 3 = Si = K = and J 2 C [l,n] - S 2 and 
S4 Q [l,n] — J 2 — S 2 and apply Theorem 17. 11 Since we consider the 
coefficients of yo, J 2 = and S4 = {[r + 1, r + s]} and the coefficient 
is given by (— l) r+s . On the other hand, since there are no common 
numbers in the sets {[1, r]} and {[r + 1, r + s]}, only the term coming 
from i = contributes to the coefficient. 

We calculate injrr l q iT. oprrr l p ii(a;o). Since I = J = T = and W = 
{[l,r]} in the definition 16. 1\ pr|[ lp ]}(a;o) = (— l) r [0]. We calculate the 
coefficient of y in the image inj _it.(( — l) r [0]). Since T = 0, I = K = 
and we only consider the case J = and W = {[r + 1, r + s]} in the 
definition 16. 21 So the coefficient is given by (— l) r+s . Therefore we have 
d = 1 = (— l) pq in this case. 

Case 1-1. The determination of d\. 

We tak e y 1 = [r + 1] ® {1, [r + 1, r + s], [r + s,r + 2]}, x x = [0] ® 
{M,0',[r,2]}. 

In the left-hand side, since I = {1}, S 2 = {[2,r]}, J = 0, T = 0, 
we have J x = 0, Si = 0, K = 0, I x = 0, I 2 = 0. Only the case 
of S 3 = {1}, J 2 = {r + 1} and S 4 = {[r + 2, r + s]} contributes to 
the coefficient of [r + 1] (g) {1, [r + 1, r + s], [r + s, r + 2]}. Namely 
we have ^([0] ® {[1, r], 0', M}) = v^(-l)"~ 1+1+1 [r + 1] ® q\ < 
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r + 1, 1, [r + 2, r + s], [r + s, r + 2] > + the other terms. So the coef- 
ficient is v / 2(— l) s in the left-hand side. 

On the other hand since {1, [r+1, r+s], [r + s,r + 2]}n{[l, r], 0', [r, 2]} = 
{1}, the possible terms to contribute to the coefficient are only % = 
or % — 1. Moreover if we consider the weight of [0] <E> {[1, r], 0', [r, 2]}, 
this is not in the weight set of A, so the image of pr must be and 
i = term also does not contribute to the coefficient. 

In the case of % — 1, to obtain the coefficient, cr(l) and r(l) must be 1 

and in the i — 1 term, we have only to consider the term di mj^ 2 q j-j. P r {[2, P ]} 
Since pr {[2jp]} ([0]® < [2, r], 0', >) = [0] and inj {[2q]} 



>/2(-l) s_1 [r + 1] <g> (q - 1)! < [r + 1, r + s], [r + s, r + 2] >, the co- 
efficient of the right-hand side is di\/2(— l) s_1 . So we have d 1 = —1. 

The similar argument goes on for the general case and we only give 
the elements Xi and yi and di for each of the cases. 

Case l-2i The determination of d 2 i- 

We take y 2i = [0]®{[l,2i], [r + i + 1, r + s], [r + s,r+ i + 1]}, x 2i = 
[0] <g> {[1, r + i], [r + i, 2i + 1]}. In this case d 2i = 1. 
Case l-2i + 1 The determination of d 2 i+i- 



Wetakey 2i+1 = [r + i + 1](8){[1, 2i + l ], [r + i + 1, r + s], [r + s, r + i + 2]}, 
x 2i+ i = [0] <g> {[1, r + i], 0', [r + i, 2i + 2]}. In this case rf 2i+1 = -1. 
Case 2. p = 2r + 1 and q = 2s. 
In this case, we have r + s < n. 

Case 2-2i. The determination of d 2i . 

We take y 2i = [0](g){[l, 2i], [r + i + 1, r + s], [r + s, r + i + l]}, x 2i = 
[0] <g> {[1, r + i], 0', [r + i, 2i + l]}. In this case d 2i = I. 
Case 2-2i + 1. The determination of d 2 i + ±. 



Wetake?/2i+i = [0]<8>{[l, 2i + 1], [r + i + 2, r + s], 0', [r + s, r + i + 2]}, 
x 2i+ i = [0]<g>{[l,r + i + l][r+i + l,2i + 2]}. 
In this case d 2 i + \ = 1. 
Case 3. p = 2r and q — 2s + 1. 
In this case, we have r + s < n. 
Case 3-2i The determination of d 2i . 



We take ?/2i = [0]0{[l, 2i], [r + i + 1 , r + s], [r + s,r + i + 1]}, x 2i 
[2i + 1] ® {[1, r + i], 0', [r + i, 2i + 2]}. 
In this case d 2 i — 1. 

Case 3-2* + 1. The determination of c^+i- 



Wetake?/2i+i = [0]0{[l, 2i + 1], [r + i + 1, r + s], [r + s, r + i + 1]}, 
x 2i+ i = [0] ® {[1, r + i], 0', [r + i, 2i + 2]}. 
In this case c?2j+i = 1. 
Case 4. p = 2r + 1 and g = 2s + 1. 
In this case, we note that r + s 5= n — 1. 
Case 4-2i. The determination of d 2 i- 
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Wetakey 2i = [r + i + l]®{[l,2i], [r + i + 1, r + s + 1], [r + s + 1, r + i + 2]}, 
x 2l = [0] ® {[1, r + i], 0', [r + i, 2i + 1]}. 
In this case d 2i = — 1. 

Case 4-2i + 1. The determination of (fe+i- 

Wetakeysi+i = [0]®{[1, 2 i + 1], [r + i + 2, r + s + 1], [r + s + 1, r + i + 2]}, 
x 2i +i = [0] <g> {[1, r + i + 1], [r + i + 1, 2i + 2]}. 
In this case d 2 i + i = 1. 

We verify all the cases and we have proved the formula (|7.2U|) for 
Pin(2n + 1). 

We will prove the formula ()7.2I1|) for Pin(2n). 

Case 1. p = 2r and q = 2s. 

We note r + s ^ n. 

Case 1-0. The determination of do- 

We take yo= [0]®{[r + 1, r + s], [r + s, r + 1]}, x = [0]<8>{[1, r], [r, 1]}. 

In this case do = 1. 

Case 1-1. The determination of di. 

We take y x = [l,r+ l]®{l,[r + l,r + s], [r + s,r + 2]}, x x = [0]® 

{M,[r,l]}. 

In this case, the coefficient of the left-hand side is 0. 

On the right-hand side, since {1, [r + 1, r + s], [r + s, r + 2]}n{[l, r], [r, 1]} = 
{1}, the possible terms to contribute to the coefficient are only i = 
or % — 1. 

We first calculate the contribution coming from the term % = 1. 
The image of pr 2r _!([0] <g> {[2, r], [r, 1]} is (-l) r_1+1 v^[l]. The image 
inj 2s _ 1 ([l])isgivenby(-l) s - 1+1+1 v / 2[r+ 1, l]<g>(2s-l)! < [r + 1, r + s], [r + s, r + 2] > 
+the other terms. So the contribution from this term to the coefficient 
is 2(-l) r+s . 

We calculate the contribution coming from the term i = 0. The 
image of pr 2r ([0] ® {[l,r], [r, 1]} is (-l) r [0]. The i mage inj 2s ([0]) is 
given by (-l)*-^, r + 1] ® (2s)! < 1, [r + 1, r + s], [r + s, r + 2] > 
+the other terms. So the contribution from this term to the coefficient 
is 2(— l) r+s_1 . Hence we have d\ = 1. 

Case l-2i. The determination of dn- 

We take y 2i = [0]®{[l,2i], [r + i + 1, r + s], [r + s,r+ i + 1]}, x 2i = 

[0]®{[l,r + i],[r + i,2i + l]}. 
In this case dn = \. 

Case l-2i + 1. The determination of d 2 i+i- 

Wetakey 2i+1 = [2i + 1, r + i + 2i + 1], [r + i + 1, r + s], [r + s, r + i + 2]}, 

x 2i+1 = [0] <g> {[1, r + i], [r + i, 2i + 1]}. In this case d 2i+1 = 1. 

For the remaining cases of parities of p and q, the similar argument 
goes on and so we omit it. 

Next we show the formula (|7.212j) . 
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For O^i^ min(p, q), let us put 

,{r([i + l,p])} ' 

We find a sequence of pairs of elements {x i: iji} (here i, 6 A0 (g) p V, 
t/j 6 9 K and ^ z ^ min(p, g)) such that the coefficients of ?/j 
in the image ^rid V 2 '*) is if j > i and non-zero if j = i. 

In this case ty^jj 1 is equal to Alt [liq] o(0[^Jjj (g) (jjjj)) o Alt[ ljP ] up to 

scalar and so V , [i'qj' s (0 = i = min(p, q)) are linearly independent. (See 
Lemma 15.61 ) 
We first put 

min(p.g) 

inj M opr [1>p] = du '^t' P 4 

u=0 

and give the above sequence {x u ,y u } and apply both sides to the el- 
ements x u and compare the coefficients of y u as before. Then we can 
determine the coefficients d u inductively. 

We take cases for the parities of p and q. 

Case 1. p = 2r and q = 2s. 

We note r + s ^ n because of p ^ n and q ^ n. 

Case 1-0 The determination of d . 

Wetakeyo = [0]®{[r + 1, r + s], [r + s, r + 1]}, x = [0]®{[l,r], [r, 1]}. 
In this case do =1. 

Case 1-1. The determination of d\ . 

We tak e y x = [1, r + 1] <g> {1, [r + 1, r + s], [r + s, r + 2]}, x t = [1] ® 
{[1, r], 0', [r, 2]}. The coefficient of the left-hand side is 2 v / 2(-l) s ~ 1 . 

In the right-hand side, by considering the number of the common 
letters, the u term with u > 1 never contributes to the coefficient. We 
calculate the contribution coming from the u = term. Then we have 
I = {1}, s 2 = {[2,r]}, J = and T = {1}. Only the case of J 2 = {r+1}, 
K = {1}, S 4 = {[r + 2,r + s]}, S 3 = {1}, Ii = 0, Ji = 0, I 2 = and Si = 
contributes to the coefficient. The image of the u = term is given by 
V^i-iy^lr + 1, 1] <g) q\ < r + 1, 1, S 4 , S7 > +the other terms and the 
coefficient is given by Vz(— l) s_1 (io . Next we consider the u — 1 term. 
Then only the case r(l) = cr(l) = 1 contributes to the coefficient and 
we calculate d\ V'/pdv At this ^ me on ly the case I = 0, S 2 = {[2,r]}, 
T = {1}, J 2 = {r + 1}, J = Ji = 0, Si = 0, S 4 = {[r + 2, r + s)} 
, K = {1}, Ii = 0, I 2 = and S 3 = contributes to the coefficient. 
The image of the u = 1 term is given by V'/fa'dlCM® < ^2? ^'j ^ 2 > ) = 
(-l) 1+1+a-1 V^[r + 1,1] ® (g - 1)! < r + 1,S 4 ,S^ > +the other terms 
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and the coefficient is v / 2(— l) s c?i because of [r + 1, 1] = — [1, r + 1] in 
A. 

So we have d\ = — 1. 

We prove di = (—1)* by induction on % in this case. 

We assume that the above holds for i = 1, 2, . . . , 2u — 1 and prove 
the case of % — 2m. 

Wetakey 2u = [[1, 2u]]®{ [1, 2u], [r + u + l,r + s], [r + s, r + u + 1]}, 
X 2u — [[1, 2u]] <g> {[1, r + u], [r + u, 2u + 1]}. 

The coefficient of the left-hand side is 2 2u (— l) r+s . 

We calculate the right-hand side. 

The contribution to the coefficient under consideration from the % = 
term comes from I = {[1,2m]}, S 2 = {[2m + l,r + it]}, T = {[1,2m]}, 
J = Ji = 0, Si = 0, S 4 = {[r+u+l,r+s]},K= {[1,2m]}, Ii = 0, I 2 = 0, 
J 2 = and S 3 = {[1, 2m]}. The coefficient is given by (-l) s - u+r ~ u+2s d ' . 

We consider the contribution from the % — 1 term. Then we must 
have 1 ^ r(l) = er(l) = j ^ 2u and for each j, the right-hand side of 
the i = l term is reduced to V'/f^qj-m} from the alternating property 
with the indices. 

The contribution to the coefficient from this term comes from I = 
{[1,2m]-{j}}, S 2 = {[2M + l,r + M]}, T = {[1,2m]}, J 2 = 0, J = Ji = 0, 
Si = 0, S 4 = {[r + u+ l,r + s]}, K = T, Ii = 0, I 2 = and S 3 = I. 
Then we have ^-{J}}^ 1 ' 2u]]®{[l, r_+ u] - {j},[r + u, 2u+l]}) = 
(_l)»-«+r-u+2u-ij T ] (g) ( 5 _ 1 )| < s 3) S4,S 4 >{[i,q]-{j}} +the other terms. 

So the total contribution to the coefficient from the % — 1 term is 
given by (^)(-l) a+r - 1 di'. 

We consider the contribution from the % = 2 term. Then we must 
have r(l) = cr(l) and r(2) = <j(2) and the right-hand side of the % — 2 

term is given by E^ 1<32 ^P^f } ® (j| j]) ■ 

The contribution to the coefficient from this term comes from I = 
{[1, 2m] - {j'J - {j 2 }} = S 3 , S 2 = {[2m + 1, r + u}}, T = {[1, 2m]} = K, 
J 2 = 0, J = Ji = 0, Si = 0, S 4 = {[r + u + l,r + s]} and Ii = I 2 = 0. 
The coefficient of the image under consideration by this map is given 
by (_i ) s -"+ r -"+ 2 "- 2 an d the total contribution coming from the % — 2 

term is given by ( 2 2 ") (— l) s+r d 2 . 

So from the same argument, we can deduce that the total contribu- 
tion to the coefficient from the % term is given by ( 2 ") (— l) s+r ~ l di . 

From the induction hypothesis, we have d 2u = 1 since 2 2u = Y^Lq (T) ■ 

Next we assume that the di = (—1)* holds for i = 1, 2, . . . , 2m and 
prove the case of % — 2u + 1 . 

Wetakey 2u+ i = [[l,2u+ l],r + u + l]®{[l,2u+ 1], [r + u + 1, r + s], [r + s, r + u + 2]}, 
x 2u+1 = [[1, 2u + 1]] ® {[1, r + u], 0', [r + u, 2u + 2]}. 

The coefficient of the left-hand side is 2 2u+1+1 /2(-i)s-«-i. 
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We calculate the right-hand side. 

The contribution to the coefficient under consideration from the 
i = term comes from I = {[1,2m + 1]} = S3, S2 = {[2u + 2, r + 
u}}, T = {[1,2m + 1]} = K, J 2 = {r + u + 1}, J = Ji = 0, Si = 
0, s 4 = {[r + u + 2,r + s]}, I x = and I 2 = 0. The image of 
V> is v /2(-l) 1 ( 2 «+ 1 + 1 )+'-«- 1 [r + u+ 1,T] <g> q\ < r + u + 1, S 3 , S 4 , Si > 
+the other terms and the coefficient is given by y/2{— l) 5- "^ 1 ^ . 

We consider the contribution from the i = 1 term. As before, we 
must have 1 ^ r(l) = er(l) = j ^ 2u and for each j, the contribution 
to the coefficient from this term comes from I = {[1, 2-u+l] — {j}} = S3, 
S 2 = {[2u + 2,r+u]},T = {[l,2w+l]} = K, J 2 = {r+u + 1}, J = Ji = 0, 
S 1 = 0, S 4 = {[r + u + 2,r + s]}, I x = and I 2 = 0. Then we 



have ^-{j}}^ 1 ' 2u + 1]] ® {[l, r + u] - {j}, 0', [r + u, 2u + 2]}) = 
v ^(_l)i+K2«+i)+s- u -i [ r + u + i, t]® (g-1)! < r + u + 1, S 3 , S 4 , S7 >{[i, q ]-{ j }} 
+the other terms. From the alternating property, we have [r + u+1, T]® 
(q-l)\ < r + u+ 1,S 3 ,S 4 ,S7>= -[T,r + u+ l]®(q-l)\ < S 3 , r + u + 1, S 4 , S^ > 



and the total contribution to the coefficient from the i — 1 term is given 



Similarly we can calculate the contribution coming from the i = 2 
term. As before, we must have r(l) = er(l) and r(2) = cr(2) and the 



The contribution to the coefficient from this term comes from I = 
{[l,2«+l]-0'i}-0'2}} = S3, S 2 = {[2u + 2,r + u]}, T = {[1,2«+1]} = 
K, J 2 = {r + u+ 1}, J = Ji = 0, Si = 0, S 4 = {[r + u + 2,r + s]} and 
Ii = I 2 = 0. So from the same argument, the total contribution to the 
coefficient from the % = 2 term is given by ( 2u ^ 1 )V2(-l) s ^ 1 d 2 ' . 

Similarly we can calculate the contribution to the coefficient from 
the i term and it is given by ( 2u + 1 ) v / 2(-l) s_u_1+ W- 

So from the induction hypothesis, we obtain di = (— l) 1 in this case. 
For the remaining cases of parities of p and q, the proof goes almost 
in a similar way. So we omit it and summarizing all the cases, we have 



For Pin(2n), the proof goes almost same and we omit it. 

From the above two formulas, if n ^ k, the generalized Brauer dia- 
grams under the representation theoretical parametrization also span 
the full centralizer algebra CPk and they become a linear base of CPk 
since dim CPk is equal to the number of the generalized Brauer dia- 
grams. 



by ( 2u 1 +1 )v / 2(-l) s - u di'. 




di = (-ir+\ 



□ 
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Corollary 7.4. Let p ^ n and q ^ n. For ^ i ^ min(p, g), i/ we pui 

/V([M])\ 

i,[i, P ] _ / x / ^ j^HM W[M])y P r H[i+i, P ])} 
^[i,q]- Z^W) (p — i)! ' 

then Wu^l 's (0 ^ z ^ min(p, g)) are linearly independent and span the 
intertwining space Hompj n (jv)(A( ei ) (g) f\ P V, A( e2 ) (g) /\ 9 V). 

Example 7.5. We s/iou> a/eu; example of the relations of two parametriza- 
tion in figure ^] for n ^ 2 . 



mil rt rt r ^ rt 



-: l + l l - x 

rt rt rt 



> I 1 

mu r t rt 

Figure 4. The relations of two parametrization for 
Pin(2n + 1) 



In figure EJ if we change simultaneously the signatures of the dia- 
grams which have exactly one vertical edge (the edge from the upper 
row to the lower row), we have the result for Pin(2n). 

Ep>n, we have A (e) (g) /\ p V A (e) (g) /\ N ~ P V <g) det = A ( _ e) (g) /\ N ~ P V. 

For Pin(2n+1), the isomorphism A : A e (g) det = is given by the 
map A[l] = [I] for any I. Here we obey the convention in Remark 13.91 
Then we have the Pin(2n + 1) isomorphism A (g) r p : Am (g) /\ p V — ► 

A(e) (g) /\ 2n+1 p V. Here r p is defined in Lemma 13.131 

For Pin(2n), let A be the associator in Lemma 13.101 the isomor- 
phism from A (g) det to A. Then we have the isomorphism A (g) r p : 

A(g)A P ^^ A(g)A 2n " P ^- 

As before, we define a homomorphism rf^i by the composition 
of the alternating operator Altri iP i and r p and the immersion of the 
alternating tensor to the positions [1, 2n — p]. 
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Theorem 7.6. Let p > n and p + q ^ N . As a homomorphism 
from A( ei ) (g)<g) p V to A ((E2 ) (g) (g) 9 V ( we assume (-l) p+q = t x t 2 for 
Pin(2n + 1). ), we have 

CODi) 

i/ere e = 1 /or Pin(2n + 1) and e = (— V) q+n for Pin(2n). 

Let q > n andp + q ^ N. As homomorphisms from A( ei ) (^) <S) P ^ ^° 
A( £2 ) <S> q V ( we assume (— l) p+<? = eie 2 /or Pin(2n + 1). ) zs given 
fry 

(JZ2B2) 

M[l,p])" 

^M- e (iV - ? )!^ r M ) 2^ e((7)e(r) (iv-p-g)! P ! 

i/ere e = 1 /or Pin(2n + 1) and e = (— l) p+n /or Pin(2n). 

Proof. We prove the formula (|7.fiU|) for Pin(2n + 1). Let p > n and 
g ^ n. Since g ^ 2n + 1 — p and Corollary 17. 4[ we can put 

<'5=E*^r" p| (- 4 ®''is-Pi)- 

i=0 

As before, we find a sequence of pairs {xi,yi} and apply both sides 
of the above to x^'s and compare the coefficients of y^s and determine 
the coefficients d\ from % = q to i = inductively. 

We take cases for the parities of p and q. 

Case 1 p = 1 mod 2 and g = mod 2. 

We put 2n + 1 — p = 2r and g = 2s. We have r ^ s. 

We determine the coefficients d q first. 



Case 1- 2s. d 



2k 



We take ?/2 S = [0]<8>{[1, 2s]}, x 2s = [0]®{[l,2s], [r + s + l,n],0', [n, r + s + 1]}. 
If % < 2s, the term i never contributes to the coefficient since the image 
of pr is because of the weight argument. And the direct calculation 
tells us that d 2s = 1. 

Case 1- 2s — 1. d 2s -i = 0. 

Wetakey 2s -i = [0]®{[l,2s- 1], 7 }, a? 2 »-i = [0]®{[l,2s- 1], [r + s,n], [n, r + s]}. 
Only the terms 2s and 2s — 1 contribute to the coefficient because of 
the weight argument. And the direct calculation tells us that d 2s -x = 

We assume that d 2s = 1, d 2s _i = . . . = d 2s _ 2i+ i = and we show 
that d 2s _ 2i = 0. 
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Case 1- 2s — 2i. d 2s _ 2 i = 0. 

We take y 2s -2i = [0] ® {[1,2s - i], [ 2s - i, 2s - 2i + 1]}, x 2s - 2i = 
[0] <g> {[1,2s - 2i], [r + s + 1 - i,n],0', [n, r + s + 1 - i]}. From the 
induction hypothesis and the weight argument, only the terms 2s and 
2s — 2i contribute to the coefficient and the direct calculation tells us 
that d 2s _ 2i = 0. 

We assume that d^ s = 1, o^s-i = • • • = ^2s-2i — and we show that 

«2s-2i-l — 0. 

Case 1- 2s - 2% - 1 d^-a-i = (i > 1). 

We take y 2s - 2i -i = [0] ® {[1, 2s - i - 1],0', [2s - i - 1,2 s - 21]}, 
x 2s -2i-i = [0] ® {[1,2s - 2i - 1], [r + s - i,n], [n, r + s - i]}. 

For the remaining cases of parities of p and q, the proof goes almost 
in a similar way. So we omit it. Summarizing all the cases, we have 
d q = 1 and di = if i < q in the formula ()7.6|) . 

Next we prove the formula ()7.6|) for Pin(2n + 1). 

Let p ^ n and q > n. 

We can put 



We determine the coefficients just as in the above. 

We take cases for the parities of p and q. 

Case 1 p = mod 2 and g = 1 mod 2. 

We put p = 2r and 2n + 1 — g = 2s. We have s ^ r. 

We determine the coefficients d p first. 

Case 1- 2r. d 2r = 1. 

We take y 2 r = [0] ® {[1, 2r], [r + s + l,n],0', [n, r + s + 1]}, x 2r = 
[0] ® {[1, 2r]}. We have d 2 r = 1. 
Case 1- 2r — 1. rf 2r -i = 0. 

We take y 2r -i = [0] ® {[1, 2r - 1], [r + s, n], [n, r + s]}, x 2r -i = [0] <g> 
{[1, 2r - 1], 0'}. We have d 2 r-i = 0. 

We assume that d 2r = 1, d 2r _i = . . . = c? 2r _ 2 j + i = and we show 

that <i 2 r-2i = 0. 

Case 1- 2r - 2i. d 2r „ 2i = 0. (i ^ 1). 

We take y 2r _ 2i = [0]®{[ l,2r - 2i], [r + s - i + l,n],0', [n, r + s - i + 1]}, 
x 2r -2i = [0] ® {[1, 2r - i], [2r - i, 2r - 2i + 1]}. We have d 2r _ 2i = 0. 

We assume that d 2r = 1, c? 2r _i = . . . = d 2r _ 2 i = and we show that 
d 2r -ii-\ = 0. 

Case 1- 2r - 2i - 1. dur-w-i = 0. (i ^ 1). 

Wetake?/2r-2i-i = [0]®{[1, 2r - 2 i - 1], [r + s - i, n], [ n, r + s - i]}, 

x 2f -2i-i = [0] ® {[1, 2r - i - 1], 0', [2r - i - 1, 2r - 2i]}. We have 

d 2r -n~\ = 0. 
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For the remaining cases, proof goes almost in a similar way. So we 
omit it and summarizing all the cases, we have d p = 1 and di = if 
% < p in the formula (|7.fij) . 

For Pin(2n), the proof is almost similar to the above and we omit 

it. 

□ 



8. Relations between Pin(N)- equivariant homomorphisms 

In this section we give the relations between the compositions of pr 
and inj and the contractions and the immersion of the invariant forms, 
from which we can deduce the multiplication rules of the generalized 
Brauer diagrams. 

We recall some notations. Let C^^j be the contraction operator of 
the i-th and j-th tensor components (with respect to S ) and let id^/ij-} 
be the linear immersion of the invariant element idy = Ym=i ( u i ® u l + 
uj® Ui)(+Uo> <S> Uqi) to the z-th and the j-th position. 

As in Corollary 17.41 we define the equivariant homomorphism from 
A (g) <S) P (here we consider the tensor (g) p V sits in the positions { [r + 
1, r +p]} ) to A (g) (g) 9 (here we consider the tensor (g) 9 V sits in the 
positions {[s + 1, s + q)} ) by 

/r([r + l,r + i])\ 

i ,[r+l,p+r] _ / \ ^^ in j{a([s + i + l,s+q])} yg([s + 1,S + i\) J pr {r([r+i+lir+p] ) } 

*e&qls+l,s+q] KH ' \f I 

re& p [r+l,r+p] 

Here & g [s + 1, s + q] and © p [r + 1, r + p] denote the symmetric groups 
of degree q and p acting on the sets {s + 1, s + 2, . . . , s + q} and {r + 
l,r + 2, . . . ,r +p} respectively. 

Then from Corollary 17.41 V , [s+i's+^' s (0 = z = min(p, g)) become a 
base of Hom Pin(JV) (A (g) A P V, A <£ /\ 9 7) . 

Theorem 8.1. The following formulas hold for pr ; inj, C{jj} and 
idv{ij}- 

(i) If p ^ n, as the homomorphisms from A (g) (g) p V to A, (/jere 
we consider the tensor §§i p V sits in the positions {[q+l,p+q]} 
), we have 

(Ell) pr {[l q+p]} oinj {[ljq]} = (N-p) q e pr {[q+liq+p]} . 

Here e = 1 for Pin(2n + 1) and e = (-1)(p+<?)<? for Pin(2n). 
(N — p) q denotes the lower factorial, that is, for any x and 
non-negative integer i, we define (x) , = x(x — 1) (x — 2) ■ ■ ■ (x — 

(<-!))■ 

The above also holds for p = and in this case we regard pr 
in the right-hand side as the identity map of A. 
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(ii) Ifp^n, as the homomorphisms from A to A(^)0 p K (here 
we consider the tensor (£) p V sits in the positions {[q+l,p+q]} 
), we have 

flEU2) pr {[liq]} o inj {[1)q+p]} = (N - p) q e inj {[q+l q+p]} . 

Here e = 1 for Pin(2n + 1) and e = (-1) for Pin(2n). 

(iii) Ifp ^ n and q ^ n, as the homomorphisms from A to A (^) &) p+q V , 
we have 

(JHU3) 

inj {[liq]} oinj {[q+liq+p]} = 

min(p,g) t— r-j . A ■ ■ 

T&& v [q+l,q+p] 

Heree(i) = (-l^+Ct 1 ) for Pm(2n+l) ande(i) = (-l^+Ct'H^ 
for Pin(2n). 

(iv) Ifp ^ n and q ^ n, as the homomorphisms from A (^) (3) p+9 V 
to A ; we have 

(104) 

P r {[l,q]}°P r {[q+l,q+p]} = 

^ (q- i)\(p - i)\ i\ 

ree p [q+l,q+p] 

Heree(i) = for Pin(2n+l) ande(i) = (-1)^+© 

for Pin(2n). 

(v) If p ^ t and p — t ^ n and q ^ n, as the homomorphisms 
from A (^) <S) P ' V to AQZ) V , ( here we consider the tensor 
<3) P * V sits in the positions { [q + 1 + 1 , q + p] } .) we have 

(JHU5) 

min(p-t,q) i , . 

pr {[q+1>q+p]} oinj {[liq+t]} = £ e(i)(]T (M(^-P-g+*-N-«)t) ^K +1 ' q+Pl 

j=0 M=0 ^ ' 

i/ere e(i) = (-l)(ff-0(p-0+« for Pin(2n + 1) and e(i) = 
(— l)P9+*(p+<f) y or Pin(2n) and m i/ie parentheses denotes 
the ordinary binomial coefficient. If t = 0, (N — p — q + + 
i — w)o = 1 and the sum in the parentheses is equal to 2\ 

(vi) If p ^ n and q ^ n, as the homomorphisms from A§Q^ q V 
to A^ (^) p V, ( here we consider the tensor §Q q V sits in the 
positions { [p + q + 1 , p + 2q] } . ) we have 

q min(p,g) 

«) nc {i , P+q+i} mj {[liq+p]} = ^cs+r^- 

i=l i=0 
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Here e{%) = f or p m (2n + 1) and e(i) = 

(-1)(I) for Pin{2n). 
(vii) If p ^ n and q ^ n, as the homomorphisms from A (g) (g) 9 V 
to A (g) (g) p ^> (Aere we consider the tensor (g) 9 V sits in the 
positions [1, q] and (g) p V sits in the positions {[p + q + 1, 2p + 
q}}.) we have 

p min(p,q) 

(107) P^{[l, g+P ]}ll^V{ q+ ±, P+q+i }= J2 ^!pfq+l,q+2p]- 

i=l i=0 

Here e(i) = (-l)(2)+ i (p+«+ 1 ) f or Pin(2n + 1) and e(i) = 
(_l)(f)+^ f or p in (2n). 

Remark 8.2. If we change N in the above formulas into an indetermi- 
nate X simultaneously, we can define the 'generic' centralizer algebra 
of CPk just as in the ordinary Brauer algebras. 

Proof. We prove the formula (jHHHJ) • If we note that Alt[i )P+q ](Alt[i )q ] x Alt[ q+1;P+q ]) = 
Alt[ 1)P+q ](Alt[ lq ]) = Althp+q], both sides factor through the homomor- 
phisms from A (g) /\ p V to A. Because of dim Rom Pin ^ N )(A (g) /\ p V, A) = 
1, they only differ in some scalar if they are non-zero. We compare the 
coefficients of [0] of the images of [[l,p]] <8> {[l,p]} under both sides 
of the formula ()8. 111)1 . Direct calculation tells us that the scalar is 
given by (2n + 1 — p) q for Pin(2n + 1) and the scalar is given by 
(_l)(p+9)d(2n-p), for Pin(2n). 
We prove the formula ()8.1l2j) . 

Both sides of the above can be considered as the homomorphisms 
from A to A (g) /\ p V. As before, they only differ in some scalar. We 
compare the coefficients of [[l,p]] <8> {[l,p]} of the images of [0] under 
both sides of the formula (|8.112j) . 

Direct calculation tells us that the scalar is given by (2n + 1 — p) q 
for Pin(2n + 1) and (-1)^+^(2™ + l-p) q for Pin{2n). 

Next we prove the formula (j8.1IH|) . 

From Theorem 12.41 and Theorem 12.21 A occurs in the representa- 
tion A(g)yU (7V) if an d only if Ho(n) — (X) an d then the multiplicity 
is one. Also the character theory tells us that in the representation 
/\ q V (g) /\ p V, /\ p+q ~ 2t V (o 5= i 5= min(p, q)) occurs exactly once and 
the other exterior products never appears. 

So the left-hand side in (|8. 113)1 can be considered as the homomor- 
phism in Hom Pm(7V) (A, A (g) ^ V (g) A P V) = ®T^ M Hom Pm(2n) (A, A (g) V). 

A Pin{2n) equivariant embedding from /\ p+q ~ 2t V to /\ q V (g) /\ p V is 
given as follows. For any subset U C {[1, n], (0'), [n, 1]} of size p + q — 2i, 
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we define 

% 

< U > > e ( CT ) £ ( T ) II id ^{a(u),r(q+u)} X < U >{ (7 ([i+l, q ]),r([q+i+l,q+p])} • 

rre&q U—l 

ree p [q] 

Here the indices in U are in the increasing order. 

So in the formula (|8.1LH)I . the i term in the right-hand side is the 
homomorphism in the direct summand Hompj n (jv)(A, A (^) f\ p+q ^ 21 V). 

So we can put 

inj {[liq]} oinj {[q+liq+p]} = 

min(p,g) -i-p . , ■ ■ 

V d V eta) c(r) u=1 ldv Hu).r(g+u)} in J W[i+i.g]),T([g+i+i,q+p])} 

2^ 1 2^ \ ) \ ) i} ( q _i)Up_i)\ 

1=0 ae& q KH ' v ^ ' 

re&p[q+l,q+p} 

As before, we find a sequence of pairs {xi, yi} and apply both sides 
of the above to x^s and compare the coefficients of y^s and determine 
the coefficients di inductively. 

We prove the formula (jSHSj) for Pin(2n + 1). 

We take the cases for the parities of p and q. 

Case 1. p = 2r and q = 2s. 

We note r + s ^ n because of p ^ n and q ^ n. 

Case 1-0. The determination of do. 

We take y = [0]®{[l, s], [s, 1], [s + l,r + s], [r + s, s + 1]}, x = [0]. 
In this case rf = 1. 

Case 1-1. The determination of c?x. 



We take?/! = [s + 1]®{1, [2, s], 0', [s, 2], 1, [s + 1, r + s], [r + s, s + 2]}, 
X\ = [0]. In this case d x = —1. 

We prove dj = (— 1)( 2 ' by induction on % in this case. 
Case l-2u. The determination of d 2u . 

We assume that the above holds for i = 1,2, . . . ,2u — 1 and prove 
the case of i — 2u. We take 

V2u = [0]® 



{[2u, 1], [2u + 1, s + u], [s + u, 2u + 1], [1, 2u], [s + u + 1, r + s], [r + s, s + u + 1]} 



and X2u = [0]- Then in the right-hand side, only the terms from to 
2u contribute to the coefficient and we have dm = (— 1)*> 2 

Case l-2u + 1. The determination of d 2u +i- 

We take 

y 2u+1 = [s + u+ 1]® 

{[l,2u+ 1], [2u + 2, s + u] , 0', [s + u, 2u + 2], [1, 2u + 1] , [s + u + 1, r + s] , [r + s,s + u + 2]} 
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and x 2u +i = [0]- 

For the remaining cases for Pin(2n + 1) and for Pin(2n + 1), the 
proof goes in a similar way and so we omit it. 

Next we prove the formula (j8.114j) . As in the proof of the formula 
()8.1l3p . the left-hand side can be considered as the homomorphism in 
Hom Pin(7V) ( A (g) /\ 9 ^ (g) /\ p V, A) = 0S M Homp iriW (A(g)A rt - 2 ^ J A). 
A Pm(iV)-equivariant embedding from f\ q V (g) f\ p V to f\ p+q ~ % V is 
given as follows. For any subsets Q, P C {[l,n], (0'), [n, 1]} of size q, p 
respectively, we define 



< Q > <g> < P > — ► Alt {[i+liq]i[q+i+liq+p]} Yl C{u, q +u} Alt {[liq]} (®Q) <g> Alt {[q+ljq+p]} (®P) 

u=l 

1 - 

Yl dv\ e ^ e ^ Alt M[i+i 5 q])^([q+i+i.q+p])} II G W^Mi-hO} ® (®-P) 
o-ee, w=i 

T€Sp[g+l,<j+p] 

Here if Q = {iih, ■ ■ ■ , £q}, (<%>Q) denotes the ordinary tensor product 
(not exterior one) ®{^2, • • • , ^ q }- 

So in the formula (|8. 114)1 . the % term in the right-hand side corre- 
sponds to the homomorphism in the direct summand Honip, in nv) ( A (g f\ P+q ~ * ^> A). 

So we can put 

P r {[l,q]}°P r {[q+l, q +p]} = 

min(p,g) -p- p „ 

E d ST^ i \ c /^ P r M[i+i.ql)^([q+i+i.q+p])} ll«=i ^{o-(u),-r( q +u)} 
^ K ' V ' (g_i)!(p_i)! i\ 

Te&p[q+l,q+p] 

The rest of the proof is almost similar to (|8. 113)1 and we omit it. 
Next we prove the formula ()8. 115)1 . 

Both sides of the above can be considered as the homomorphisms 
from A (g) /\ p ' 1 V to A (g) /\ q V. 
So we can put (see Corollary 17.41 ) 

min(p— t,q) 

[q+t+l,q+p] 



P r {[q+l,q+p]} ° in j{[l,q+t]} ~ ^ <U 



i=0 



We show di = (-l) (q ' i){p ' i)+it (J2i=o {i)(2n + l-p-q + t+i-u) t ) for 
Pin{2n + 1) and ^ = (-l) w+t(p+9) (El=o (i)(2n + l-p-g+t + i-u) t ) 
for Pin(2n). 

As before, we find a sequence of pairs and apply both sides 

of the above to x^s and compare the coefficients of y^s and determine 
the coefficients di inductively. 

We prove the formula 1)8.115)1 for Pin(2n + 1). 

We take the cases for the parities of p — t and q. 
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Case 1. p — t = 2r and q = 2s. 
We note r + s ^ n. 

Case 1-0. The determination of do- 

We take y = [0]®{[l,s], [s, i]}, x = [0]®{[n - r + 1, n], [n, n - r + 1]}. 
In the left-hand side, from the definition 16. 2| we have 

inj 9+t ([0])= (-ir2^ 2 [j]®(g + t)!< J,W,W> 

JC[l,7l] 
WC([l,n]-J) 

(8 1) j+2w=q+t 

+ 2 J/2 [J] ® (g + t)! < J,W,0',W> . 

JC[l,ra] 
WC([l,n]-J) 
j+2w+l=q+t 

In the above only the W's which include the set {[l,s]} contribute 
to the coefficient and for them, we put Wi = W — {[1, s]}. The exterior 
products can be rewritten as (q + t)\ < J, W, W >= <8>{[1, s], [s, l]} ® 
t\ < J, Wi,Wi > +the other terms and {q + t)\ < J,W, 0',W >= (-l) s ® 
{[1, s], [s, 1]} ® t\ < J, Wi, 0', W7 > +the other terms. 

We tensor ®{[n — r + 1, n], [n, n — r + 1]} after the exterior products 
in the above and alternate them. If (JUWi)n{[n— r+1, n]} ^ 0, then the 
resulting exterior products are 0. So we can assume ( J U Wi) PI {[n — r + 
1, n]} = 0. Then we have t\ < J, W 1; [n - r + l,n], [n, n - r + 1], W7 > 
and £!(-l) r < J,Wi, [n - r + 1, n], 0', [n, n - r + 1], \h >■ 

So the coefficient in the left-hand side is equal to 

(_i)«i+»2^/2f|2i/ 2 (_i)«'i-H- + Y 2 j/2 t\{-l) s+r 2 j/2 

{[s+l,n-r]}DWiUJ (disjoint) {[s+l,n-r]}DWiUJ (disjoint) 

j+2ioi=i j+2w 1 +l=t 

= (-l) r+s t!((l + 2x + s 2 ) n - r - s [i] + (1 + 2x + x 2 ) n ~ r - s [t - 1]) 
= (-l) r+s t!(l + x) 2n+l - p+t ' q [t] = {-l) r+s {2n + l-p + t- q)t- 

Here for the formal power series f(x), by f(x)[t] we denote the co- 
efficient of the power x* in f(x). 

In the right-hand side, only the i = term contributes to the coeffi- 
cient and it is given by (— l) r+s d and we have do = (2n + l —p + t — q) t - 

Case 1-1. The determination of d%. 

We take y x = [s + l]®{[l,s+ 1], [s,2]}, x x = [0]®{l, [n - r + 2, n], 0', [n, n - r + 2]}. 
We calculate the left-hand side. 

In the equation (|8.1jl . only the first sum contributes to the coefficient 
and moreover in the first sum the W's and J's such that V3 {2, . . . , s} 
and J U W D {l,s + 1} contribute to the coefficient. There are four 
subcases, 1) W D {1, s + 1} (if t ^ 2) 2) J D {1}, W D {s + 1} 3) 
J3{s + 1},WD {1} 4) J D {l,s + l}. We put J x = J- JD{1, s + 1} 
and Wi = W - Wn [s + 1]. 
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In the subcase 1), we have the coefficient 

-2 n+1/2 t\ = -V2t!(l + x) 2n - 2r ~ 2s [t - 2]. 

{[s+2,n-r+l]}DJiUWi (disjoint) 
j 1 +2+2w 1 =t 

In the subcase 2) we have the coefficient 

_2^+ 1+1 /2 t! = - 2y /2t\(l + x) 2n ~ 2r - 2s [t - 1]. 

{[s+2,n-r+l]}DJiUWi (disjoint) 
il+l+2u)i=* 

In the subcase 3) we have the coefficient 

J] -2 il+1/2 £! = -V2t\(l + x) 2n - 2r ~ 2s [t - 1]. 

{[s+2,n-r+l]]OJiUW 1 (disjoint) 
jl+l+2u)i=t 

In the subcase 4) we have the coefficient 

J2 _ 2 J1+1+1/2 t! = -2^2*1(1 + x) 2n - 2r ~ 2s [t]. 

{[s+2,n-r+l]}DJiUWi (disjoint) 
jl+2wx=t 

So the total coefficient of the left-hand side is - v / 2t!((l+a;) 2n+1 - 2r - 2s [i] + 
(l+x) 2n+1 - 2r - 2s+1 [t] = -y/2((2n+l-p-q+t) t +(2n+l-p-q+t+l) t ). 
If t — 1, the subcase 1) does not occur, but the result also holds in this 
case since (1 + x) 2n ~ 2r ~ 2s [— 1] = 0. 

In the right-hand side, only the i — 1 term contributes to the coef- 
ficient and it is given by \/2di and we have d\ = — ((2n + 1 — p — q + 
t) t + (2n + l-p-q + t + l) t ). 

Case 1-2. The determination of d 2 - 

W e take y 2 = [0 ] <g> {[1, s + 1], [s + 1, 3]}, x 2 = [0] <8>{1,2, [n - r + 
2, n], [n, n — r + 2]}. 

We calculate the left-hand side. 

In the equation (|8.1j) . only the W's and J's such that W D {[3, s + 1]} 
and JUW Z> {1,2} contribute to the coefficient. There are four subcases, 
1) W D {1, 2} (if t ^ 2) 2) J D {1}, V D {2} 3) J D {2}, W D {1} 
4) J D {1, 2}. We put Ji = J - J n {1, 2} and Wi = W - W n [s + 1]. 

In the subcase 1) we have the coefficient 

£ (-l) s+r 2 jl t\+ {-l) s+r 2 jl t\. 

{[s+2,n-r+l]}DJiUWi (disjoint) {[s+2,n-r+l]}DJiUWi (disjoint) 

j 1 +2+2w 1 =t j 1 +2+2w 1 +l=t 

In the subcase 2) we have the coefficient 



J2 (-l) s+r 2 jl+1 t\+ (-l) s+r 2i 

{[s+2,n-r+l]}DJiUWi (disjoint) {[s+2,n-r+l]}OJiUWi (disjoint) 

ji+1+2toi=* ji+2+2 Wl =t 



64 KAZUHIKO KOIKE 

In the subcase 3) we have the coefficient 

£ (-l) s+r 2 jl+1 t\ + (-l) s+r 2 jl+1 t\. 

{[s+2,n-r+l]}DJiUHi (disjoint) {[s+2,ra-r+l]}DJiUWi (disjoint) 

jl+l+2wi=t ji+2+2u>i=t 

In the subcase 4) we have the coefficient 

£ (-l) s+r 2 J ' 1+2 i!+ (-l) s+r 2 J1+2 t!. 

{[s+2,n-r+l]}2JiUWi (disjoint) {[s+2,n--r+l]}3JiUWi (disjoint) 

j!+2 Wl =t ' ji+2«;i+l=t 

So the total coefficient in the left-hand side is given as follows. 

(-l) s+r t!{(l + x) 2n - p - q+t [t - 2] + 2(1 + x) 2n - p - q+t [t - 1] + 2(1 + 
x) 2n - p - q+t [t - 1] + 4(1 + x) 2n ~ p - q+t [t\ + (1 + x) 2n - p - q+t [t - 3] + 2(1 + 
x) 2n - p - q+t [t - 2} + 2(1 + x) 2n - p - q+t [t - 2] + 4(1 + x) 2n - p - g+ *[t - 1]}. 

Here we prove the following lemma. 

Lemma 8.3. For any indeterminate X and for any non-negative in- 
tegers t and i, we have 

y( l V( x \ = y(^(x+ 1 -u 
t^w \t-i+u) ^Wl t 

Proof. This follows easily from the formula 

X + i\ ( X 



t ) z — ' \t — uj \u 

u=0 



□ 



From this lemma, the coefficient of the left-hand side is (— l) s+r {(2n+ 
3-p-q + t) t + 2(2n + 2-p-q + t) t + (2n + l-p-q + t) t }. 

In the right-hand side, only the % = 2 term contributes to the coeffi- 
cient and it is given by (— l) s— 1+r_1 d 2 - So d 2 = (2n + 3 — p — q + t) t + 
2(2n + 2-p-q + t) t + {2n+l-p-q + t) t . 

Case l-2z + 1. The determination of c?2i+i- 



We takej/2i+i = [s + i + 1]®{[1,s + i + 1], [s + i, 2i + 2]}, x 2 



2i+l 



[0] ® {[1, 2i + 1], [n - r + i + 2, n], 0', [n, n - r + i + 2]}. 

In the equation (|8.1jl . only the W's and J's such that W I) {[2i+2, s-M]} 
and JUW3 {[1, 2i + 1], s + % + 1} contribute to the coefficient. 

We put J 2 = J fl [1, 2i + 1] and J x = J n {[s + i + 2, n - r + i + 1]} 
and W 2 =WD[l,2i + l] and W x = WH {[s + i + 2, n - r + i + 1]} . We fix 
a subset J 2 C [1, 2i + 1] with | J 2 | — v and take cases for s + i + 1 G J 
and s + z + 1 ^ J. 

Subcase l-2z + 1-1. s + i + 1 ^ J. 
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2J1+V+1/2 



{[s+i+2,n-r+i+l]}DW 1 UJ 1 (disjoint) 
ji+2wi+2i+2-v=t 



_ t]2 v+l/2 J2 

jl+2wi+2i+2-v=t 



n — r — s\/n — r — s — ji 



Ji 



Wi 



2 J1 



-t\2 v+1/2 (l + 2x + x 2 ) n - r ~ s [t - 2i - 2 + 



Subcase l-2i + 1-2. s + i + 1 G J. 
In this subcase we have the coefficient 



_ t \ 2^ 1+v+1 / 2 

{[s+i+2,n-r+i+l]}DWiUJi (disjoint) 
ji+2w 1 +2i+l-v=t 

= -t\2 v+1 ' 2 (l + 2x + x 2 ) n - r - s \t - 2% - 1 ■ 



Therefore for a fixed J2 C [2z+l], we have the coefficient — t\2 v+1 ^ 2 (l+ 
xfn+i-p-q+ty. _ 21 _ 1 _|_ w ] an( i the total coefficient is 



^\ t-2i-l + v J V v 

v=0 v 1 / \ 



"' + L '2i + 1\ (2n + 1 - p - q + * + 2% + 1 - w N 



u=0 v 7 v 



In the right-hand side, only the 2% + 1 term contributes to the coef- 
ficient and it is given by \f2d 2 i+\. So d 2 i+i = - Yll^o (^K 2 ™ + 1 — 
p- q + t + 2i + l-v) t . 

Case l-2z. The determination of <i 2 j. 

We take y 2i = [0] ® {[1, b + i], [s + i,2i + TJ}, 
x 2 i = [0] ® {[l,2i], [n- r + i + l,n], [n,n- r + i + 1]}. 

In the equation (|8.1jl . only the W's and J's such that W D {2i + 
1, . . . , s + i} and J U W D {[1, 2i]} contribute to the coefficient. 

We put J 2 = J fl [1, 2i) and J 1 = J n {[s + % + 1, n - r + i)} and 
W 2 = W n [1, 2i] and Wi = W n {[s + i + 1, n - r + i]} . We fix a subset 
J2 ^ [1, 2z] with |J 2 | = v. We take the cases. 

Subcase l-2z-l. The terms do not contain 0'. 
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In this subcase we have the coefficient 



{[s+i+l,n-r+i]}DV 1 UJi (disjoint) 
j'i+2uii+2i— v=t 



ji+2u;i+2i-i;=t v Ji 7 v 1 

;-l) s+r t!2 1 '(l + a;) 2n - p - 9+ *[t - 2i + v]. 



Subcase l-2z-2. The terms contain 0'. 
In this subcase we have the coefficient 

t!2"(-l) s+r 2h 

{[a+i+l,n— r+i]}DWiUJi (disjoint) 
ji+2«ii+2i+l-i)=t 

= t!2 w (-l) s+r (l + 2x + x 2 ) n - T '- s [t -2i-l + v]. 



Therefore for a fixed J2 C [1, 2i], we have the coefficient t\2 v (— l) s+r (l+ 
x Y n + 1 -p-i+ t \ [ t — 2% + v] and the total coefficient is 



- !( -^fi( 2 ;)( 



2i \ (2n + l-p- q + t + 2i-v^ 
t 



In the right-hand side, only the 2i term contributes to the coefficient 
and it is given by (-l) s+r d 2i . So d 2i = J2f=o («') ( 2n + 1 ~ P ~ 1 + * + 
2i-v) t . 

Therefore in this case we have di = (—1)* Ylv=o (*) ( 2n + ^ — P — Q + 
t + i- v) t . 

The proof goes in a similar way for the remaining cases and so we 
omit it. di is given by (-1)(9-0(p-*)+« J2[ =0 (i)(2n+l-p-q+t+i-u) t 
for Pin(2n + 1) and d { is given by (-1)«p+*(p+«) £^ =o Q (2 n - p - g + 
t + i — m)j for Pin(2n). 

Next we prove the formula ()8.1lf)jl . 

Both sides of the formula can be considered as the homomorphisms 
from A (g) (g) 9 V to A (g) (g) p 
So we can put 

ijr min(p,g) 

n C {i.P+q+i} hl j{[l,q+p]} = ^ ^[q+M+S] +2ql 

i=l i=0 
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As before, we find a sequence of pairs {xi,yi} and apply both sides 
of the above to x^'s and compare the coefficients of y^s and determine 
the coefficients di inductively. 

We determine di for Pin(2n + 1). 

Case 1 p = 2r and q = 2s. 

We note r + s ^ n. 

Case l-2i. The determination of d 2 i. 

We take y 2 . = [0]®{[l, 2i], [s + i + 1, s + r], [s + r, s + i + 1]}, x 2i = 



[0] <g> {[1, s + i], [s + i, 2i + 1]}. In this case d 2i = (-1 
Case l-2i + 1 The determination of d 2 i+i- 

Wetakey 2i+1 = [s + i + 2i + l], [s + i + 1, s + r], [s + r, s + i + 2]}, 

x 2m = [0]®{[l,s + i],0', [s + i,2i + 2]}. In this case d 2i+ i = (-l) s+1 . 

The proof goes in a similar way for the remaining cases and so we 
omit it. Summarizing all the calculation, we have di = (— l) ^) ' ^ +(2)+ ^ (p+ , ?- 1 ) 
for Pin(2n + 1). 

For Pin(2n), a similar calculation gives us di = (—1)00. 
Finally we prove the formula ()8.117j) . 

Both sides of the formula can be considered as the homomorphisms 
from A (g) (g) 9 V to A (g) (g) p V. 
So we can put 

p min(p,q) 

P r {[l,q+p]}II idv {l+ i .P+1+ i } = S di ^£+q+l,q+2p]- 
i=l i=Q 

As before, we find a sequence of pairs {xi,yi} and apply both sides 
of the above to x^'s and compare the coefficients of yiS and determine 
the coefficients di inductively. 

We determine di for Pin(2n + 1). 

Case 1. p = 2r and q = 2s. 

We note r + s ^ n. 

Case 1-2-i. The determination of d 2 i. 

We take y 2i = [0]®{[l,2i], [s + i + 1, s + r], [s + r, s + i + 1]}, x 2i = 
[0]®{[l,s + i],[s + i,2i + l]}. 
In this case d 2 i = (— l) r . 
Case l-2i + 1. The determination of d 2 i + \. 

Wetake?/2i+i = [s + i + l](g){[l, 2i + 1 ], [s + i + 1, s + r], [s + r, s + i + 2]}, 
x 2i+ i = [0] (8) {[1, s + i], 0', [s + i, 2i + 2]}. 
In this case ^i+i = ( — l) r_1 - 

The proof goes in a similar way for the remaining cases and so we 
omit it. Summarizing all the calculation, we have di = (— l)(2)+ J ( p + 9+1 ) 
for Pin(2n + 1). 

For Pm(2n), a similar calculation gives us = (— l)®"^. 

□ 
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9. Examples of products of the generalized Brauer 

diagrams 

From the result of the previous section, we can calculate the product 
of the generalized Brauer diagrams. 

As we remarked after the statement of Theorem 18 .11 we change N in 
the formulas of the theorem into an indeterminate X simultaneously 
and we write down the relations of the 'generic' centralizer algebra of 
CP k . 

We summarize other relations between the contractions and the im- 
mersions and pr and inj which follow easily from the definitions. We 
fix the index set of the tensor positions of <^) k V from 1 to k and after 
the contraction Ci± ^\ we consider the i-th and the j-th components 
are occupied by the empty set and idyu n is allowed if the positions i 
and j are occupied by the empty set. 

Then we have the followings. 

Lemma 9.1. (i) 

C{ s ,t} idy{i,j} = idy{i,j} C {Sit} if {s, t} n {i, j} = 0. 

on 



C{ s ,t}idy {tij} = m ifs^j. 



Here y^j denotes the (partial) permutation which sends s-th 
component to the j-th position. 

(iii) 

C{ Sit } idy {Sit} = N id. 

(iv) If s,t G T, we have 

C {Sit} inj T = 0, pr T id y{s>t} = 0. 

(v) If s, ti, t2, ■ ■ ■ , t r G [1, n] are different from each other, we have 

h '-i--: ■■ = '"V. s ,,}• id V{^M = id V{sM- 

(vi) If s, ti, t2, ■ ■ ■ , t r G [l,n] are different from each other, we have 

lH i--: ■ ^ (tj = '"it: s U}- C {*1^> (tj = C ^ ■ 

(vii) If s, t, ti, t 2 , . . . , t r G [1, n) are different from each other, idy/ s t \ 
commutes with inj T and pr T and C{ Sit } commutes with inj T and 
pr T; where T = {t±, t 2 , ■ ■ ■ , t r }. 

Proof. The first three formulas are easy and the fourth formula follows 
directly from the alternating property with the indices in T of pr and 
inj . The rest are obvious from the definitions. □ 
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Remark 9.2. If we put e± = idy{ ii+1 } C{ 1)i+ i} ; we can deduce easily 
Ciei+iei = e± from the above lemma. These relations were used to 
define the Birman-Wenzl algebras (q-analogs of the Brauer centralizer 
algebras). 

Remark 9.3. We note that 

inj {M} oinj {[q+liq+p]} ^ inj {[q+1)q+p]} oinj {[ljq]} 

and 

P r {[l,q]} °P r {[q+l,q+ P ]} P r {[q+l,q+p]} ° P r {[l,q]} ■ 

Let us show some examples. 

Example 9.4. In this example we always assume n ^ k and use the 

representation theoretical parametrization of the generalized Brauer di- 
agrams, so we omit the subscript rt here. We calculate the product of 
1/51/8 in figureUi 

y 5 y 8 = : • = (X-l)' ' + (X-l) 

. J " * ~ 

Figure 5. The result of the product of y§y% for Pin(2n + 1) 

Here ys = i n j{i, 2 } ^{1,2} an d 2/5 = m j{i} P r {i}' From the formula 
\8.1\ty) . we have i n j{i,2} = (X — l)i inj| 2 | (we put X for 2n + 1.) 
and the targeting homomorphism is inj^} (X — 1) inj^ 2 } ^{1,2} = 

(X— 1) injm injr 2 i C{i )2 }. From the formula \8.1\ty . we have in] uy injr 2 i = 
inj^ 2 | +idy{i )2 } an d the final formula is given in figure^ 

We calculate a more complicated example of figure^ 

In this case we must calculate 

idv{3,5}inj{ li2 ,6,7} P r {l,2,4,7} C {3,6}idv{5,7}inj{ li2i4i6 } (^j Pr{ 2 ,3,5,6} C{ 4 ,7} 

The inside homomorphism of the above, i.e., the homomorphism ob- 
tained by taking the middle part between the contractions and pr of 
the first element and the immersion and inj of the second element, is 

given by \ \ pr fl 2 4 n C{ 3;6 } id V i 5 j} inj fl 2 4 6j ( \ ] . This element is in 



CP]; = Hompj n ( 2n )(A V, A (£) V). ( V sits in the first place in the 
upper row and sits in the forth place in the lower row.) So it can be 
written as a sum of the basis o/CP{ i.e., GB]\ In general, this fact 
tells us that the linear spaces spanned by all the diagrams in GB£ with 
at most s (0 ^ s ^ k) vertical edges (the edge from the upper row to 
the lower row), become two-sided ideals in CPk- 
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. ^ . 3(X-2)(X-3) 

t=i j=i 

i/ere denotes the upper row and z\ denotes the lower row given as follows. 



Xu * * 5 5 

-(X -2){X- 3)(X - 4)£ 




2-1 



y-2 



Z5 



V3 



22 




Figure 6. The result of the product of a more compli- 
cated example for Pin(2n) 

From the formula (I8.1l7jl . we have 

Pr { i, 2 ,3,4} idv { 4,5} = - inj {5} pr {1 , 2j3} - (l) pr {2)3} + (fj P r {i,3} ~ ^ 5 J Pr { i, 2} 

J/ we app/y £/ie conjugation of the permutation rj = I J , we have 

P r {l,2,4,T} id V{5,7} = - inj {5} Pr { l,2,4} - fgj Pr {2 ,4}+ fgj P r {l,4}- fgj P r {l,2} 



From the formula (18.116)1 . we /mve 

C {l,5}inj {1 , 2 ,3,4} = m j{2,3,4}P r {5}+ m j{3,4} _ill j{2,4} ^+ in j{2,3} Q ■ 

If we apply the conjugation of the permutation ^ = 2 4 1 ^ 
we have 

C{3,6}inj {li2>4i6} = -inj {lj2j4} pr {3} + inj {lj4} (f\-mj {U2} uj-inj {2j4} K 

Since pr {23} inj {12} = -(X - 2) inj {1} pr {3} -{(X -1-2 + 1 + 1- 
0) + (X - 1 - 2 + 1 + 1 - 1)} (fj from the formula (jS.llftjl . we /iawe 

pr{ 2 , 4 } m j{i,4} — ~~ 2) inj^} pr| 2 j +(2X — 3) . TTie calculation 

goes on in almost similar way and the final result consists of 26 terms 
in which only one term contains a vertical line. It is given in figure® 
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10. Dual Pair and Spin representations 

In this section we define the subspace in the tensor space Tf~ = 
A (^) <S) fc V i on which the symmetric group of degree k and Pin(N) 
(or Spin(N)) act as the dual pair. 

By GB k , we denote GB£. 

From Lemma 15.61 the elements of GBk under the invariant theo- 
retical parametrization with at most N isolated vertices (we denote a 
set of these elements by GB k inv .) span linearly CPk. If n ^ k, they 
become a base of CPk and in this case, the elements of GBk under 
the representation theoretical parametrization (we denote a set of these 
elements by GBk, r t) also become a base of CPk. 

Since CPk contains M[(5fc] naturally, For ^ s ^ min(fc, n), let us 
define the subspace T° s of A (g) h V as follows. 

Definition 10.1. Let T® s denote the intersection of the all the ker- 
nels of the contractions C{± j> (^=i<j = k) and the projections 
pr.fi i ir } (r > and 1 ^ ii < i 2 < ■ ■ ■ < i r = k) and the alternating 
operators Alt{ il)i2i ... iir } (see Definition 16'. 'A and r > s) of degree greater 
than s. 

If n ^ k, then we ignore the alternating operators in the above and 
Put T° fc = T°. 

Lemma 10.2. The space T® s becomes a CPk x Pin(N) module. 

Proof. It is obvious that T° s is a Pin(N) module from the definition. 

Let Ui nv G GBk,inv and let ip T " be the homomorphism corresponding 
to the isolated vertices in y. 

Then if |T U | > s, acts on the space T° s by and so yinvT® s = 0. 

We can assume |T U | ^ s = min(/c, n). If |T^| ^ |T U |, the contractions 
or pr must appear in the upper row, so y inv T® s = .(See (|7.2UJI .) 

We can assume |T U | = |Tg| ^ s — min(/c, n). Then from Theorem l7.2l 
acts on this space by the alternating operators of degree |T U |. Since 
the space Tj? s is invariant under the action of &k, the lemma holds. □ 

Let us denote the set of the annihilators in CPk of the module T° s 
by Zk,s- Then from the above, Zk,s becomes a two sided ideal in CPk 
and CPk/3fc,s is the surjective image of the subalgebra K [©*:]• Since 
Pin(N) and CPk are dual pair on T^, on this direct summand TJJ? , 
the images of R[<5fc] and Pin(2n) become a dual pair. 

So we have the following theorem. 

Theorem 10.3. The symmetric group of degree k and Pin(N) become 
a dual pair on the subspace Tj? s of A( ei ) (^) V. Namely the space 
T® s is decomposed into the direct sum of the tensor products of the 
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irreducible representations with multiplicity free as follows. 

Pin(N),(e 2 )- 

\:partitions of size k 

Here for Pin(2n + 1), l) fc = e 2 

Remark 10.4. For Spin(2n + 1) , on the aboveT® s , and Spin(2n+ 
1) also act as a dual pair, since the center z acts on it by the scalar 
ei(— l) k . The decomposition is the same if we ignore E\ and e^- 

Remark 10.5. From the above, if n > k, Zk,k is the linear space 
spanned by y rt G GBk rt with at most k — 1 vertical edges and in this 
case, we have CPk = K[©fc] ©3fc,fc- 

Proof. From the argument just before this theorem, M[©fc] an d Pin(N) 
become a dual pair on the space T° s . 

The Schur-Weyl reciprocity tells us that, as &k x GL(N) module, 
(£) k V is decomposed into 

k 

(10.1) (g) V = EA:partitions of size k X &k ^GL(N) ■ 

For A with £(X) ^ s ^ n, the restriction rules (See the proposition 
1.5.3 in [16,.) tells us that we have 

x , GL(N) T D A 

^GL(N) l (N) — / >%^OW' 

Here 2k denotes the even partition and LR% K denotes the Littlewood- 

Richardson coefficient. So \gl(2u) lo(2n) cori t arn s ^o(2n) with multi- 
plicity one and Xo(2n) never appears in the other components of the 
right-hand sides of ()1().1|) . since the size |A| of A is equal to k. 

From (gHn|) in Theorem El and ijZ^TCjl in Theorem [Ql [A, A] Pin(7V) 
occurs exactly once in A (g) Ao(2n)- 

Since |A| = k, from and lj£2l3|) and U| , [A, \} Pin{N) never 

appears in A (g) 0" ^ f° r u < k. So this representation must be in the 
kernels of the contractions and pr's. 

From the property of the Young symmetrizers, all the alternating 
operators Alt-p^^...^} (r > s) of degree greater than s annihilate the 
space Y, A 6fe A GL(2 „). 

So Ae fe 0[^; ^}pin(N) for partitions A of size k and of £(X) ^ s must 
be in the space T% s . 

Since we already know that on the space T° s , & k and Pin(N) act 
as a dual pair and all the irreducible representations \& k of &k with 
£(X) ^ s already appear, so we have the theorem. 

□ 
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Next we move to the case for Spin(2n). 

For Spin(2n) representations, we consider the endomorphism (A (g> 
id) G End(A (g) <S) k V). Here A is the associator for A and is given by 
the degree operator A[i u i 2 , i 3 , . . . , i r ] = (-l) r [i 1 , i 2 , i 3 , . . . , i r ]. 

Lemma 10.6. The endomorphism A <g> id commutes with both of the 
actions of CPk and Spin(2n) on the space 
Moreover we have 

pr p o(A ® id) = (-1) P A o pr p 

and 

inj q oA = (-l) q (A®id) inj,. 

Proof. It is obvious that (A <8> id) commutes with the action of the 
Brauer algebra Endo(2n)((8) ^0 an d the action of Spin(2n), since the 
action of Spin(2n) preserves the parity r, where r is the number of the 
indices in i 2 , i 3 , . . . , i r ]. 

We note that from the parity argument, i\) v corresponding to the 
isolated points in any generalized Brauer diagrams yi nv G GBk.inv must 
satisfy p + q = mod 2. 

From the formula for Pin(2n) in Theorem 17.11 if p + q = mod 2, 
we can easily check ip? o (A <g) id) = (A (g> id) o ^>p. 

The last two formulas are straightforward. □ 

So we first decompose the space Tk = A (§) V into the irreducible 
constituents under the action of Pin(2n) x CPk- Since Pin(2n) and 
CPk are semisimple and act on the space as the dual pair, from the 
Wedderburn's theorem, we have 

A<g)<g)V= [A, A] 

Pin(2n) (8) A CPk . 

Here Acp k is the irreducible representation of CPk- We consider the 
subspace [A, A]p iri ( 2n ) (£) Acp k as Spin(2n) x CPk module. Then we 
have 

[A,A] Pm(2n) (g)AcP k = (V2 + A)+ pm(2n) (8)AcP k e(l/2 + ( 5) 5pm(2n) (8)AcP k . 

Since A®id commutes with the action of CPk and the space [A, \}pi n (2 n ) (£) ^cp k 
is the homogeneous component of the irreducible representation Acp k 
of CPk, we have 

(A ® id) ([A, \]p in (2n) <S> ^CP k ) = [A, A] Pin ( 2n ) <g) A C p k - 

Since (A (g> id) 2 = id, ±1 eigenspaces of (A (g> id) in [A, A] Acp k 
become non-equivalent Spin{2n) x CPk modules. 

Here A + (£) k V is +1 eigenspace and A~ (£) k V is —1 eigenspace 
of A <g> id in A (g) (g) fc V. 
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From Theorem O (1/2 + X)% in{2n) appears m A± (g) (gf 7 if and 
only if A;— |A| = mod 2. Also (1/2+A)^ i (2 \ appears in A±(g)(g) fc \/ 
if and only if k — |A| = 1 mod 2. 

So (— 1)*H A I eigenspace of (A® id) in [A, \}pi n (2n) (g ^cp k is the irre- 
ducible representation (l/2+A)^ pin( ^ 2n ^ (g) Acp k and (— l) fe H A l +1 eigenspace 
of (A ® id) in [A, A]pi n (2 n ) (g ^cp k is the irreducible representation 
(V2 + A) Spm(2n) (g)AcP k . 

We define the extension of the algebra CPk by (A <g> id). 

Definition 10.7. Let CS k be the subalgebra o/Hom(A (g (g fc V, A (g (g fc V) 
generated by CPk awe? (-A ® id). 

Then CSk and Spin{2n) act on the space A (g (g fc V" as the dual 
pair. 

Then Theorem 110.31 for Spin(2n) is given as follows. Since we have 
Lemma ll().(i| T® in Definition llO.ll is (A(g)id) stable and We decompose 
T° s into the ±1 eigenspaces of (A® id) and denote them by T%' g . Then 
from Theorem 110.31 if we note that only A's considering here satisfy 
|A| = k, we have the following theorem. 

Theorem 10.8. Then the symmetric group of degree k and Spin(2n) 
becomes the dual pair on the subspaces T°' s + and T°'~ respectively. 

Namely, T^f are decomposed into the direct sum of the tensor products 
of the irreducible representations with multiplicity free as follows. 

GEH1) T° k ±= £ X 6k (g)(l/2 + A)^ n(2n) . 

\:partitions of size k 
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